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BOOTSTRAP PERCOLATION IN THREE DIMENSIONS 

By Jozsef Balogh/ Bela Bollobas^ and Robert Morris^ 

University of Illinois, University of Memphis and 
University of Cambridge 

By bootstrap percolation we mean the following deterministic 
process on a graph G. Given a set A of vertices "infected" at time 0, 
new vertices are subsequently infected, at each time step, if they have 
at least r £ N previously infected neighbors. When the set A is cho- 
sen at random, the main aim is to determine the critical probability 
Pc{G,r) at which percolation (infection of the entire graph) becomes 
likely to occur. This bootstrap process has been extensively studied 
on the d-dimensional grid [n]'': with 2 <r <d fixed, it was proved by 
Cerf and Cirillo (for d = r = 3) , and by Cerf and Manzo (in general) , 
that 



1. Introduction. In this paper we shall study three-neighbor bootstrap 
percolation on [n]^. Let G be a (finite) graph, let r G N, and let A C V{G) 
be a set of initially "infected" vertices. In r-neighbor bootstrap percolation 
on G, with initial set A, new vertices of G are infected if they have at least r 
infected neighbors, and infected vertices remain infected forever. Formally, 
set Aq = A, and 
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where log^^j is an r-times iterated logarithm. However, the exact 
threshold function is only known in the case d = r = 2, where it was 
shown by Holroyd to be (1 -I- o(l)) j^g^^^^ . In this paper we shall de- 
termine the exact threshold in the crucial case d = r = 3, and lay the 
groundwork for solving the problem for all fixed d and r. 



At+i := AtU{ve V{G) : |r(^;) n At\ > r} 
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for each integer t > 0. The closure of A C y{G) is the set [A] = [JfAt of 
eventually infected vertices. We say that the set A percolates if eventually 
the entire vertex set is infected, that is, if [A] = V{G). 

Bootstrap percolation is an example of a cellular automaton, studied, 
for example, by von Neumann [28]. However, the particular model we are 
studying was introduced in 1979 by Chalupa, Leith and Reich [14], and was 
subsequently rediscovered by several authors who were motivated by its con- 
nections to interacting particle systems and other physical applications (see, 
e.g., the survey [1]). The first mathematical papers in the area were by van 
Enter [26] and Schonmann [24, 25], who studied the process on the infinite 
lattice Z*^, and by Aizenman and Lebowitz [2], who studied it on the finite 
grid [n]'^. They considered sets A whose elements are chosen independently 
at random with probability p, and asked for which values of p percolation is 
likely to occur. More precisely, let P{G,r,p) denote the probability that A 
percolates if A is chosen with this distribution, and, noting that P(G,r,p) 
is strictly increasing in p, define, for each a € [0, 1], 

Pa =Pa{G,r) := inf{p: P(G,r,p) > a]. 

As is customary, we shall write pc for 7 and call it the critical probability. 
Aizenman and Lebowitz [2] (see also Balogh and Pete [9]) showed that, for 
fixed d, 

and thus determined pc up to a constant factor when r = 2. Moreover, they 
showed that pa satisfies the same relation for every fixed a G (0, 1). When 
r > 3 the problem is somewhat harder, and it was not until 1999 that Cerf 
and Cirillo [12] determined the order of magnitude of pc([?^]'^, 3). This result 
was later extended to all fixed 2 < r < d by Cerf and Manzo [13], who proved 
that 

/ 1 \ d—r+l 

p,i[nf,r) = e(- 

Vlog(^_i)n/ 

where log(r) denotes an r-times iterated logarithm, log(^_|_i) (n) = log(log(y)(n)) 
The bootstrap process has also been studied on the hypercube [3, 5, 6], on 
infinite trees [8] and on the random regular graph [10, 21], and has found 
applications in other areas: for example, techniques from [2], and more re- 
cently [6], were used to study the Ising model at zero temperature (see [15] 
and [22]). 

Despite this extensive body of work, the threshold pc{[n]'^,r) is known 
asymptotically only in the simplest case, d = r = 2. This important break- 
through was made by Holroyd [19], who proved that 

Pe([n]2,2) = -^ + o(-^). 

18 log n \\ogn J 
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(Here, and throughout, log refers to the natural logarithm, unless otherwise 
stated.) We shall discuss Holroyd's ideas in more detail later in the paper. 
Holroyd [20] also determined the critical constant in d dimensions (for any 
fixed d) in the simpler "modified" bootstrap model, but was unable to do 
so for the standard case. Balogh and Bollobas [4] proved, using a general 
method of Friedgut and Kalai [17], that the threshold Pc{[n\'^, 2) undergoes a 
sharp transition in a weaker sense. More precisely, they showed that the crit- 
ical window pi-e — Pe has width o{pc), but not that (log n)'^~^pc converges. 
For r > 3, however, even this weaker result is unknown. 

We shall determine the critical probability for 3-neighbor bootstrap per- 
colation on [n]^, up to a factor of o(l). In order to state our main result, 
we first need to define some functions. For each k £N, let 

k 



(1) P,{u) :=-- + -y'l + (4n - 2)(1 - n)'^ + (1 - 

so f3kiuf = (!-(!- n)'')/3fc(u) + u(l - n)^, and let 

(2) <7fc(^):=-log(A(l-e-^)). 
Now, for each 2 < r < d G N, let 

(3) A(d,r):= / gr-iiz''-'+^) dz. 

Jo 

The following theorem is the main result of this paper. 
Theorem 1. Let A(3,3) 0.4039 be as defined above. Then 
Pc([n]^3) 



.3 A(3,3) + o(l) 



log log n 
as n — > oo . 

The functions /3i, gi and A(2, 2) were introduced by Holroyd [19], who 
also showed that A(2, 2) = vr^/lS. We make the following conjecture, which 
is proved by Balogh et al. [7] in a forthcoming article. 

Conjecture 1. Let d,r eN, with d>r>2. Then 

'A((i,r) + o(l)^'^-^+i 



Pc([n]^ 



log(^„i)n 



as n ^ oo. 



We remark (see Proposition 4 below) that X{d, r) < oo for every 2 <r <d, 
that A(3,3) ~ 0.4039 (by computer approximation), and that dX{d,d) — > 
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Table 1 
Values of X{d, r) 



d 



r 


2 


3 


4 


5 


6 


7 


2 


0.5483 


0.9924 


1.4797 


1.9764 


2.4760 


2.9768 


3 




0.4039 


0.8810 


1.3864 


1.8961 


2.4078 


4 






0.3198 


0.8024 


1.3162 


1.8338 


5 








0.2650 


0.7431 


1.2606 


6 










0.2265 


0.6963 


7 












0.1979 



7r^/6 as d — > oo. Table 1 lists some approximate values of A(d, r) for 2 < r < 7. 

The proof of Theorem 1 uses the techniques introduced by Cerf and Cir- 
illo [12], Cerf and Manzo [13], and Holroyd [19], together with some new 
ideas. In particular, we shall need to introduce the following more general 
family of bootstrap processes. 

Define a bootstrap structure B{G,r{v)) to be a graph G together with a 
threshold function r : V{G) — > N. Bootstrap percolation on such a structure 
is then defined in the obvious way, by setting Aq = A and 

At+i := AtU{v£ V{G) : \T{v) n At\ > r{v)} 

for each t>0. This definition clearly includes all of the processes considered 
above; in particular, B{[n]'^, r) is the usual r-neighbor structure on the graph 
[nf. 

We shall consider, in particular, the following two families of bootstrap 
structures. The first, which we shall call C*(n,2), is an n x n x 2 cuboid, 
with threshold 2 in the "top" layer and threshold 3 in the "bottom" layer, 
that is, r{v) = 2 if w E [n]^ x {1} and r{v) = 3 if f G [n]^ x {2}. The second, 
which we shall call C{n,k), where 2</i;GN, isannxnxA; cuboid, with 
threshold 2 in the top and bottom layers and threshold 3 in each of the 
k — 2 middle layers. Both C*(n,2) and C{n,k) have the edges induced by 
the lattice Z"^. 

We need two more definitions. Say that A C C*(n, 2) semi-percolates if 
[A] contains all vertices with threshold 2, and, for each a £ (0,1), write 

Pa\c*{n,2)) := mi{p:¥{A semi-percolates) > a}. Recall also from above 
that pa{C{n,k)) is defined similarly for percolation (i.e., full occupation). 
We shall prove Theorem 1 using the following result. 

Theorem 2. For every e > 0, there exists K = K{e) £ N such that, if 
k > K , 6 = 6{k) > is sufficiently small, and n = n{k, S,e) £N is sufficiently 
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large, then 

^^M)^ < p,(^c{n, k)) < p[Uc*{n, 2)) < h^Mlll. 
log n log n 

In fact, we shall need a somewhat more technical statement in order to 
deduce Theorem 1 (see Corollary 14 below), but Theorem 2 is morally what 
is required. 

Being a little imprecise, the basic idea of the proof of Theorem 1 is as 
follows. With high probability, complete occupation occurs in bootstrap per- 
colation on i?([n]^, 3) (roughly) if and only if there exists, somewhere in [n]^, 
a cuboid R, with side-lengths about logn, which is internally spanned, that 
is, R satisfies [A n i?] = R. If this exists, we (rather vaguely) refer to such 
a cuboid i? as a "critical droplet." We couple the process occurring on the 
sides (i.e., faces) of the droplet R in two different ways, in order to prove up- 
per and lower bounds on the probability that R "grows sideways." To prove 
the upper bound in Theorem 1, we couple with C* (logn, 2), and use the 
upper bound in Theorem 2; for the lower bound we couple with C(logn,A;) 
and use a counting argument as in [12, 13]. This allows us to show that no 
large connected component of infected sites forms anywhere in [n]^. 

Several of our lemmas generalize easily to a multidimensional setting, and 
will be used (in this more general form) in [7] . We shall therefore often work 
in [n]'^ X [kY for general d>2 and £ > 0. However, the reader should always 
be thinking of the case d = 2 and i = l, and our terminology will reflect this. 

The paper is organized as follows: In Section 2 we collect some of the 
definitions and basic tools which we shall use throughout the paper, and 
prove some simple bounds on X{d, r). In Section 3 we prove the upper bound 
in Conjecture 1 (and hence in Theorem 1 also), and in Section 4 we prove 
Theorem 2 (and Corollary 14). Finally, in Section 5, we deduce the lower 
bound in Theorem 1. 



2. Tools and notation. In this section we shall make various definitions 
and introduce some notation which we shall use throughout the paper. We 
have labeled some of these in order to highlight those that are most crucial. 

We begin by defining some slightly more general versions of the bootstrap 
structures described above, which we shall call C([n]^ x [k]^, r) and C*([n]'^ x 
[2]^r). We think of [nf x [k]^ as a box [nf of "thickness" [kf . 

Definition. Let n,d,i,r G No, with 2<r <d. Then C*{[nf x [2]^,r) is 
the bootstrap structure such that: 

(a) the vertex set is [rif x [2]^, 

(b) the edge set is induced by l/'^^ , 

(c) V = (oi, . . . , a^, 6i, . . . , 6^) has threshold r if hj = 1 for each j £ [I] , 
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(d) V = {ai, . . . ,ad,bi, . . . ,bi) has threshold r + i otherwise. 



We say that a set ^ C [n]'^ x [2]^ semi-percolates in C*([n]'^ x [2]^,r) if [A] 
contains all vertices with threshold r. Note that C*(n, 2) = C*([n]^ x [2], 2). 

Definition. Let n, d, k,i,r £ No, with 2<r <d and k>2. Then C{[n]^ x 
[A;]^,r) is the bootstrap structure such that: 

(a) the vertex set is [n]'^ x [kY, 

(b) the edge set is induced by Z'^'^^, 

(c) V = (ai, . . . ,ad,bi, . . . ,bi) has threshold r + \ {j £ [£] : bj ^ {I, k}}\. 

Note that C{n, k) = C{[nf x [fc], 2) for any A; > 2, and B{[nY, r) = C([n]^ x 
[kf^r). 

We next, with the case d = 2 in mind, define a rectangle R in [n]'^ x [k]^ 
to be a set 

[(ai,...,ad),(6i,...,5rf)] :={(2;i,...,Xd,yi,...,y£):xi G [aj,6i],yi G [fc]}. 

We also identify these with rectangles in [n]'^ = [rif x [k]^ in the obvious 
way. The dimensions of R is the vector 

dim(/2) := (6i - ai + 1, . . . , 6d - ad + 1) G N"^ 

and the semi-perimeter of i? is 

ct){R) :=^(6i-a, + l). 

j 

The longest side-length of R is long(i?) := max{6j — + 1}, and the shortest 
side-length of R is short(i?) := min{&j — aj + 1}. 

A component of a set 5 C Z'^ is a maximal connected set in the graph 
Z'^ [5] (the subgraph of Z"^ induced by S) , and the diameter of is 

diam(5) := sup{||2; — y||oo + 1 and y are in the same component of S}. 

x,y 

Note that if S" is a rectangle in [n]'^ x [/c]^, then diam(S') = max{long(i?), A;}. 
Let S C [nY X [k]^ . The projection Ti{S) C [n]'' of 5 is the set 

n(5) := {x G [nf : (x, y) G 5 for some y G [kf}. 

We have defined the completion [A\ of A; now we shall define the span, 
{A). We emphasize that this is not the usual definition. First, note that for 
each subset S <z[nY there is a smallest rectangle, R{S), such that S C R{S). 
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Definition. Let n,k£N and A c C{[nf x [kY,r). Let Ci,...,Cm de- 
note the collection of connected components in n([A]). The span of A is 
defined to be the following collection of rectangles: 

{A):={R{Ci),...,RiC^)}. 

If n([A]) is connected (i.e., m = 1), then A spans the rectangle R{Ci). Also, 
if {A') = {R} for some A' C A, then A internally spans R. 

If {A) = {i?}, that is, A spans R, then we shall usually write simply 
{A) = R. Note that Ac R internally spans R if and only if i? G {A). 

We now prove some simple properties of the functions /3k{u), gk{u) and 
X{d,r) defined in Section L 

Proposition 3. Let /c G No, and [3k and be the functions defined in 

(1) and (2): 

(a) Pk{u) is increasing in u on [0,1] and gk{u) is decreasing in u on 
(0,oo). 

(b) Pk+i{u) > Pk{u) G [0,1] for u G [0,1], and gk+i{u) < gk{u) for u G 
(0,oo). 

(c) gk{z) < 2e if z is sufficiently large. 

Proof. We use Lemma 6 below, which says that the probability Lk{m, u) 
that there is no "L-gap" (defined below) in a sequence of events of length 
m, with each event having probability u G [0, 1], satisfies 

Pk+i{ur^^<Lk{m,u)<[)k+i{ur. 

(Note that the proof of Lemma 6 is straightforward and self-contained.) It 
is clear from the definition of L-gaps that Lk{m,u) is strictly increasing in 
both k and u. Thus, applying the displayed equation for sufficiently large 
m, it follows that (3k is increasing in both u and k, and that I3k{u) G [0, 1]. 
The facts about gk in parts (a) and (b) now follow from those about (3k by 

(2) , the definition of gk- 

For part (c) recall that (3k{uf = [l- {l-uY)(3k{u) + u{l-uY , so (3k{u) > 
1 - (1 - u)^ for u G [0, 1]. Recall also that -log(l - x) < 2x if x > is 
sufficiently small. Therefore, 

- log(/3fc(l - e-^)) < - log(l - e-^^) < 2e-^^ 

if z is sufficiently large, as required. □ 

Although we cannot solve the integral (3) exactly, the following proposi- 
tion gives some bounds on A(ci, r). The proofs are all straightforward, so we 
give only a sketch. 
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Proposition 4. Let 2<r <d and let X{d,r) be the function defined in 
(3): 

(a) A(d, r) < oo. 

(b) A(d,2) = ^+o(l). 

2 

(c) ciA(d, d)— >^ asd^oo. 

Proof. First we show that, for every d, A; € N, 

/•oo rco ^ 

/ gkiz'^)dz< / g^(z'^)dz = - + o{l). 
Jo Jo ^ 

The first inequality follows by Proposition 3(b). For the second we use the 
fact that Pi is increasing and continuous, and the following simple facts: 

(i) (1 — e~^)/3; ^ 1 as X ^ 0. 

(ii) /9i(x)/y^— > 1 as x — > 0. 

(iii) gi{z'^) dz ^ as d —>■ oo. 

It follows that, letting d^ oo, 

- e-^') = (1 + o(l))/3i(z'^) = (1 + o{l))V^ 
for every z £ (0, 1), and hence, 

POO / d \ d 

g,(z'')dz = J^^--logZ + o{l)jdz + J^ gi{z^)dz = -+o{l), 

as required. Parts (a) and (b) now follow by the definition of A(d, r). 
For part (c), note that 

(3k{l - e-^ = 1 - ^ + i^(i_e-fc)2 + 4e-^A^(l-e--), 
and that x < y/x"^ + y < x + if y > 0. Thus, since 1 — e~^ < z, 

1 - e-^'= < - e-^) < 1 - e-^^ + t^^. 

1 — e"^*^ 

Hence, making the substitution x = e~^^ , 

k gk{z)dz< -k\og{l-e-'^)dz= -\og{l-x)— = — 
Jo Jo Jo X b 

by [18], number 4.291.2. Moreover, ^_^-zk is increasing on z > (by simple 

calculus). Thus, letting k be large, ■= using the substitution x = 

(l-2(5)e-^^ 
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> / -klogil-e-''' + 26e-''')dz 
Js/k 

> / -log l-rr > — 

as oo, as required. □ 

Remark 1. The constant determined by Holroyd [20] for the modified 
bootstrap model is 7r^/6. Thus, when d is large, X{d,d) differs from the 
critical constant in that model by a factor of d. It is tempting to suggest 
a simple explanation for this: a blocking set (i.e., an L-gap, see Section 3) 
is d times larger in bootstrap percolation than in modified bootstrap (see 
Lemmas 6 and 7 below). Caution is required, however, since this heuristic 
fails when the number of dimensions is small; in particular, when d = 2 the 
critical constants differ instead by a factor of three. 

We next state the FKG (Fortuin-Kasteleyn-Ginibre) inequality [16], the 
van den Berg-Kesten Lemma [11] and Reimer's Theorem [23]. We shall use 
the former two results several times; the latter will only be used once, but 
will play a key role in the proof. We remark that although Reimer's Theorem 
appears rather naturally in our proof, it can be avoided; indeed, the proof 
in [7] of the (more general) Conjecture 1 does not use it. 

We begin with the simplest of the three results, the FKG inequality. Let 
E : V{n) {T, F} be an event defined on the cube V{n) = {0, 1}", that is, E 
is a subset of {0, 1}". -E is said to be increasing if, for any two sets X,Y C [n] , 

E{X) A{X CY)^E{Y). 

We write Pp for the product measure on {0, 1}" with Pp(j £ A) = p for each 
j G [n]. 

The FKG Inequality. Let n G N and p G (0, 1), and let E and F be 
increasing events on the cube {0,1}". Then 

rp{EnF)>Fp{E)Fp{F). 

Now let E and F be two events defined on V{n), and let 5" C [n]. A 
witness set for the event "£'(£') holds" is a disjoint pair of sets {U, V) such 
that U CS, SnV = 0, and 

{UcX)A{XnV = 0)^ E{X) 

for any set X G V{n). The events E and F are said to occur disjointly at a 
point 5 G V{n) if there exist witness sets {U,V) and {U',V') for the events 
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''E{S) holds" and "F(S') holds" respectively, such that the sets J7 U V and 
U' U V' are disjoint. 

We write EoF for the event that E and F occur disjointly. The following 
lemma is an important and much-used tool in percolation theory, and was 
proved by van den Berg and Kesten [11]. 

VAN DEN Berg-Kesten Lemma. Let n e N and p G (0, 1), and let E 
and F be increasing events defined on the cube {0,1}". Then 

Fp{EoF)<Fp{E)Fp{F). 

The following substantial generalization of the van den Berg-Kesten Lemma 
was conjectured by van den Berg and Kesten [11] and proved by Reimer [23]. 

Reimer's Theorem. Let n e'N and p G (0,1), and let E and F be 
arbitrary events defined on the cube {0,1}". Then 

Fp{EoF)<Fp{E)FpiF). 

We conclude the section with a little more notation. Given a set S, and 
p G [0, 1] , say that A £ Bm{S,p) if the elements of Ac S are chosen indepen- 
dently at random with probability p. If i? is a rectangle in C([n]'^ x [A;]^,r), 
then let 

Pp{R) := F{R €{A)\Ae Bm{R,p)), 

that is, the probability that A G Bin(i?,p) spans R. 

A set is said to be occupied if it is nonempty (i.e., contains some element 
of A), and it is said to be full if every site is in A. We shall use throughout 
the paper the notation 

q:= - log{l- p) 

as in [19] . Note that p^ q for small p. The advantage of this notation is the 
fact that 

(4) /3fc(l-(l-pr) = e-^'=("«). 

For any a^b^Wj, we write [a, b] for the set {?i G Z : o < n < &}, and [a] = [1, a]. 
Given two functions /, 5:N — > M, we say that / ^ g if f{n)/g{n) — > cx) as 
n — > oo. Whenever is a vector, Vj will be its jth coordinate. Finally, if G 
is an oriented tree, then T{u) = Tg{u) := {v G V{G) -.u v}. 
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3. A general upper bound. We begin by proving the upper bound in 
Theorem 1. The proof is straightforward (though shghtly technical); since 
essentiahy the same method gives the upper bound in Conjecture 1 for all 
d and r, we shall give the general argument. We refer the reader to [19] 
and [20] (see also [2, 27] and [25]), where many of the ideas we shall use 
originated. 

Theorem 5. Let d,£,r £ Z, with d>r>2 and £>0, and let e > 0. 
Suppose n gN, 

^ / A(d + ^,£ + r) + £ y-"+^ 

and the elements of A C C*{[n\'^ x [2]^,r) are chosen independently at ran- 
dom with probability p. Then 

¥{A semi-percolates in C*{[n]'^ x [2]^,r)) 1 

as n —> oo . In particular, 

,„([„lV)<(^<f^^^)"'". 

V log(r_i) n J 

The idea of the proof is quite simple, but the details are a little techni- 
cal, so we begin with some motivation. It follows from [13] that a "critical 
droplet" in B{[n]'^,r) has size roughly [logn]"^. Suppose a cube R of this 
size is completely infected, and consider two "layers" next to it in some di- 
rection, which form a copy S of [logn]"^"^ x [2]. Since all vertices of R are 
infected, each vertex in the layer of S adjacent to R has one already-infected 
neighbor, and so requires only r — 1 more infected neighbors from inside S. 
Thus, if the set An S semi-percolates (i.e., completely occupies the layer 
with threshold r — 1) in the bootstrap structure C*([logn]'^~"'^ x [2],r — 1), 
then the cube R will grow sideways by one step. Hence, the critical droplet 
is likely to grow if percolation is likely to occur in C*([logn]'^~^ x [2],r — 1). 

Applying the same logic to the structure C*([logn]'^~^ x [2],r — 1), we see 
that a critical droplet has size about [loglog?i]'^~^ x [2]. (It is important to 
note that we only require the "top layer," i.e., the vertices with threshold 
r — 1, to be infected.) This droplet is likely to grow if semi-percolation is likely 
to occur in the copies of C*([loglogn]'^~^ x [2]^, r — 2) on its sides, and so on. 
Iterating r — 2 times, we see that percolation is likely to occur in 
if semi-percolation is likely to occur in C* {[log(^j.__i^ n]'^~''''^'^ x [2]''"^, 2). 

We begin with the base case, C*([n]'^ x [2]^, 2). Our first aim is to give a 
lower bound on the probability that the set A semi-percolates in C*([re]'^ x 
[2]^, 2) by considering one particular way in which the percolation may occur. 
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Slightly more precisely, we shall consider the growth of an infected "droplet" 
which begins life in the bottom left-hand corner, and grows upward and 
rightward by "crossing rectangles" as follows. 

Let et be the site (0, . . . , 0, 1, 0, . . . , 0) G U^^^ with a single 1 in position t. 
We shall sometimes write 1^ to denote the vector (1, . . . , 1) G [2]^. 

Definition. Let 2<n,den, ^gNq, R<zC*{[nf x [2]^2) be a rectan- 
gle, and A C [nY x [2]^. For each te[d], let := {v ^ R: v - et £ R, r{v) = 
2} be the set of vertices with threshold 2 immediately to the right of i?, and 
:= {v ^ R:v + et & R,r{v) = 2} be those immediately to the left of R, 
both right and left being in direction t. 

Now, let 

Af:={An{RURt))URt. 

We say R is semi-crossed from left to right in direction t by A if the set [Aj^] 
contains all vertices in R with threshold 2. 

In other words, if R is semi-crossed by A, and the sites with threshold 2 
to the left of R have already been infected, the sites of R with threshold 2 
will then also be infected. 

In order to bound the probability that a rectangle in C*([n]'^ x [2]^, 2) is 
semi-crossed, we need to introduce the concept of an L-gap in a sequence of 
events.^ Let i,m £N, and consider some sequence of events 

£ = {Ui:i£[m+l]}U{vl''^ :i£[l],j£[m]}. 
An L-gap in £ is an event ->{Ui V J/j+i V V^^^^ V • • ■ V V^^'^) for some i S [m]. 

Lemma 6. Let £,m G N, let u E (0,1), and suppose that each event in 
the set 

£ = {Ui:ie[m + l]]\J {T//^ : i G M, j G H} 

occurs independently with probability u. 

Let L{m,u) denote the probability that there is no L-gap in £. Then 

f3i+i{ur+'<L{m,u)<P,+iiur, 

where (3£^i{u) is the function defined in the Introduction. 

Proof. We partition the event that there is no L-gap in £ into three 
cases, and use induction on m. Let L{—l,u) = L{0,u) = 1, and note that 
Pe^i{u) € (0, 1) for ti € (0,1), so the induction hypothesis holds for m G 



*Note that L-gaps are so named because of their shape; this L is not a variable. 



BOOTSTRAP PERCOLATION IN THREE DIMENSIONS 13 

{—1,0}. So let m G N, and observe that either at least one of the events 
Ui, vj^\ . . . , Vi^^ occurs, or none of these occurs but U2 does, or none does 
and U2 also does not. Conditional on these events, the probabilities that 
there is no L-gap are L{m — l,n), L{m — 2,u) and 0, respectively. Thus, 

L(m, n) = (1 - (1 - uY^^)L{m -l,u)+ u{l - n)^+^L(m - 2, u) 

for every m > 1. Furthermore, 

/?,+i(n)2 = (1 - (1 - nY+')(3e+i{n) + u{l - uf+\ 

and so the result follows by induction, as claimed. □ 

We now deduce the following bound on the probability that a rectangle 
is semi-crossed. 

Lemma 7. Lei 2 < n,d G N, ^ G No, R(ZC*{[nf^ [2]^2) he a rectangle, 
p G (0, 1) and A G Bin{R,p). Let t G [d] and write v{t) = Hi^t'^i '^^'^ ^(^) = 
1 — (1 — p^^*^ , where dim(i2) = (ai , . . . , ad) ■ Then 

P(i? is semi-crossed in direction t by A) > /3£_|_i(n(t))'^*^^. 

Proof. Consider the sequence of events 

£ = {Ui:ie[at + 1]} U {y/^z G [i],j G [at]}, 

where 

Ui = {[ai] X • • • X [at-i] X {i} x [at+i] x • • • x [ad] x 1^ is occupied} 

and 

Vj'^ = {[ai] X • • • X [at_i] X {j} x [at+i] x • • • x [a^] x (1^ + e^) is occupied}. 
As before, a set is said to be occupied if it contains at least one element of 

(i) 

the set Ac R. Note that each of the events Ui and Vj occurs independently 
with probability u{t). 

We claim that if £ has no L-gap, then R is crossed from left to right in 
direction t by A. Indeed, let m be the minimal index such that some element 
of {v C R:vt = m, r{v) = 2} is not in [A^^]. Then the event 

-(c/„vc/„+ivy« v---vyW) 

holds, and is an L-gap. The result now follows by Lemma 6. □ 

For each p G (0, 1), and each n, d,i,r £ No with 2 < r < d, let P{n, d,£, r,p) 
denote the probability that a set ^ G Bin(C*([n + 1]*^ x [2]^,r),p) semi- 
percolates in [n]"' X [2]^, that is, [n]'^ x 1^ C [A]. Note that we are allowed to 
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use active sites in the layer outside [n]*^ x [2]^; this technicality will help to 
simplify the proof below. 

The next lemma gives a lower bound on P{n,d,i,2,p) by considering one 
way in which the spanning could occur. Let 

Lemma 8. Let 2<n,dGN, ie No, e>0, andp >0 be sufficiently small. 
Then 

P{n, d, £, 2,p) > exp(-(l + e)G{d, £, 2,p)). 

Remark 2. Note that n does not appear in the expression on the right- 
hand side. 

Proof of Lemma 8. Let n, d, £, e and p be as described, and let 
A £ Bin(C*([n + l]'^ x [2]^,2),p). We shall describe sufficient conditions for 
semi-percolation to occur. Let r := [p^^^'^^~'^^ \, and let Eq denote the event 
that the set 

d 

Mq := IJ {x G [n]'^ x 1^ : xj G [r] and = 1 if i / j} 
i=i 

is full, that is, Mq C A. Now, for each j G [d] and t G N, let 

Rj{t) := {x G [nf : xj G [tr + 1, (t + l)r] and Xi G [tr] if [2]^ 

and note that Rj{t) is a [tr]'^~^ x [r] x [2]^-cuboid. Let Ej{t) denote the event 
that Rj{t) is left-to-right semi-crossed in direction j by A. 

We first claim that if Eq and Ej{t) hold for every j G [d] and 1 <t<n/r, 
then A semi- percolates in C*{[nfx [2^,2). Indeed, [r]'^ x 1^ c [A] since Eq 
holds, so Rj{l) C [A] for each j G [d] since Ej{l) holds. But if Rj{l) C [A] 
for each j G [d], then [2r]'^ x 1^ c [A]. Repeating this argument shows that 
[tr]'^ X 1^ C [A] for each t < n/r. 

It remains to bound the probability of the events Eq and Ej{t); since 
these events are all increasing, by the FKG inequality we may bound the 
probability of their intersection from below by the product of their proba- 
bilities. [Note that they are not independent, since the event Ej{t) depends 
on the set An{Rj{t) U (-Rj(t))/).] It is easy to see that F{Eo) and by 

Lemma 7 and (4) we have 

P(i?,(t)) > - (1 =exp(-(r + lW(g(tr)'^-i)). 

Note also that 



t=i 
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since gi+i{z) is decreasing on (0, oo). Thus, 
¥(A semi-percolates) 
>FiEo)l[FiE,it)) 

> exp (^-d{r + 1) £ (qitr)"-')^ 

[ d , fl\ dir + l) . , 



> exp 



{l + e)d\{d + 1,1 + 2) 



pi/{d-i) 

if p is sufficiently small (as a function of d and e), as required. The last in- 
equality holds by (3), and because p q, r + l~r and p-i/(2rf-2) log(l/p) < 
p^i/{d^i) as p^O. □ 

Now we use Lemma 8 to prove Theorem 5 in the case r = 2. 

Lemma 9. iei 2 < d G N, G No, e > 0, and 

/X{d + e,e + 2)+e^'^-^ 



p- 
Then 

as n — > CO . 



\ logn 
P{n,d,i,2,p) 1 



Proof. Let n, d and ^ be as given, and assume e is sufficiently small. 
Recall that the function G was defined in (5), and note that we have cho- 
sen p so that G{d,£,2,p) < (1 - e'^)dlogn. Let m = \p~'^^^'^~^^], partition 
[n]'^ X [2]^ into blocks of size [m]'^ x [2]^, and run [n/m\'^ independent boot- 
strap processes on the intersection of A with each block. By Lemma 8, the 
probability that A semi-percolates in at least one of them is at least 

1 - (1 - exp(-(l + e3)G(d,£,2,p)))L"/'"J' > 1 - (1 - n-(i-^')'^)L"/'"J' ^ 1 

-3 

as n ^ oo, smce n ^ m. 

Next, consider all [m]'^~^ x [1]^"^^ cuboids in [n]'^ x [2]^. HA semi-percolates 
in some [m]'^ x [2]^ block, but A does not semi-percolate in C*([n]'^ x [2]^, 2), 
then one of these cuboids must be empty. But pm'^~^ > p"^, so the proba- 
bility that at least one is empty is at most 

dn'^il-pr"'' <dn'^exp{-pm'^-^)<dn'^exp(-(^^y) ^0 
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as n — > oo, where A = X{d + i,i + 2). Since the events "there exists an [m]'^ x 
[2]^ block in which A semi-percolates" and "all the [m]*^"^ x [1]^"^^ blocks in 
[n]'^ X [2]^ are occupied" are both increasing events, the result follows by the 
FKG inequality. □ 

Having proved the base case, the general result follows by a well-known 
and standard method (see [20], for example). We use the following two 
straightforward lemmas, which somewhat simplify the proof. 

Lemma 10 (Lemma 2 of [20]). For any d>3, £>0 and e > 0, if n is 
sufficiently large and p~'^'^ < rf , then 

P{n,d,i,3,p)>exp{-n^+''). 

Sketch of proof. Let m = Ml2SIi and consider the set 

p ' 

d 

M = IJ {x G [nf X 1^ : xj G [n] and Xi G [m] if i / j}. 

i=i 

The probability that M C A is at least p'^^'' > exp(— n^+^), and the prob- 
ability that A semi-percolates given M C A is at least the probability that 
every [m] x [i]'^+^-i cuboid is occupied, which is at least 1 — dn'^e~^^ = 
l-o(l). □ 

The next lemma was proved in [2] for G = [nf and r = 2, but the proof 
generalizes easily to our case. 

Lemma 11 (Aizenman and Lebowitz [2]). For each 2 < r < c? G N and 
^ G No, there exists 5 = 5{d,i,r) > and C = C{d,i,r) < oo such that, if 
P{m, d, i,r,p) >1 — 5, then 

P(n,d,^,r,p)>l-Ce-"/'" 

for every n>m. 

Sketch of proof. First note that, by taking C large, we may assume 
that n/m is sufficiently large, since otherwise the result is trivial. The idea 
is to partition [n]'^ x [2]^ into blocks of size (roughly) [m]"' x [2]^, and run 
the bootstrap process independently in each block. Call a block B "active" 
ii AnB semi-percolates in B, and "inactive" otherwise. 

Suppose that A does not semi-percolate in [n]'^. We claim that every 
connected component of inactive [m] '^-blocks must span two opposite sides 
of [n]'^, that is, must touch both faces of [n]'^ in some direction. Indeed, 
consider a component X of inactive [m] '^-blocks which does not span two 
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opposite sides of [nf. Let Y denote the collection of sites with threshold 
r which are in blocks of X, but which are not in [A\. We claim that Y is 
empty, and hence that X is empty. 

Note that if a block B is on the boundary of X (but not in X), then 
it is active, since X is a component. Thus, if x G B, and r{x) = r, then 
X £ [A]. Hence, if Y is nonempty, then it contains a site y with at least d 
infected neighbors (consider the rightmost vertices in direction 1, then the 
rightmost of those in direction 2, and so on). But then y £ [A], so y ^ Y. 
This contradiction implies that Y is empty, as claimed. 

Finally, note that P(i? is inactive) < 6, and so we may bound the prob- 
ability of the existence of a component of inactive blocks which spans two 
opposite sides of [n]'^ using standard techniques from percolation theory. □ 

Lemma 11 has the following important consequence. 

Lemma 12. For each 2 < r < d G N and ^ G No, there exists a constant 
S' = S'{d,i,r) > such that the following holds. Let n,m G N, let e,p> and 
let AeBm{C*i[n + l]'^ x [2]^r),p). Suppose that 

P{m, d — i,i + i,r — i,p) > 1 — S' 

for each 1 < i < r — 2, and that M/m is sufficiently large. Then, 

F{[nf X 1^ c U {[Mf X 1^)]) > 1 - e, 

and so, in particular, 

P{n,d,i,r,p) > {l-e)P{M,d,i,r,p) 

whenever < n G N. 

Proof. For each i G N and S C [d], consider the set 

Mt{S) = {x G N'^ : G {t + 1, t + 2} if i G 5 and G [t] if i i 5}, 

and let Ml^S) = {x G Mt{S) : Xj = t + 1 if i G 5}. For each 5 C [d], define a 
bootstrap structure Ct (5) onMt(S') x [2]^ by giving threshold max{r— |5|,0} 
to the elements of M*(S) x 1^ and threshold r^^ to the others. Observe that, 
when r - |5| > 2, this structure is a copy of C*([t]'^-I'^l x [2]^+l'^l,r - \S\). 

Claim. Suppose that [m]'^ x 1^ C [A], and that Ct{S) is internally semi- 
spanned for each S C [d] and each m <t <n — 1. Then [n]'^ x 1^ c [A] . 

Proof. It is sufficient to prove the claim for n = m + 1. First let j G [d], 
and consider an element x G M^{{j}) x 1^. It has a neighbor in [m]'^ x 
1^. Thus, if [m]'^ x 1^ C [A] and Cm{{j}) is internally semi-spanned, then 

M;;({j})xi'^c[^]. 
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In general, let dS = {S\ {i} : i G [d]} denote the shadow of S, and observe 
that the sets {M^{U) : U G dS} are pahwise disjoint. Thus, x G M^{S) x 1^ 
has |5| neighbors in the set [ju(^dS^m{U) x 1^- Hence, if [ju<^ds^m{U) x 
1^ C [A] and Cm{S) is internally semi-spanned, then M^{S) x 1^ C [A\. 
Hence, the sets M^{S) x 1^ are infected in order of increasing \S\. Finally, 
note that [m + 1]'^ X 1^ = Us M^(S') X 1^. □ 

Now, choose 6{d',i',r') and C{d' ,i' ,r') according to Lemma 11 for each 
2 < r' < d' e N and f G No, and let 5' = inm{5{d - i,i + i,r - i) -.i £ [r - 
2]} and C = max{C(d - i,e + i,r - i) :i e [r -2]}. Then, using the FKG 
inequality and Lemma 11, 

P{n,d,£,r,p) 

>P{M,d,£,r,p) n (l- E [l-P{t,d-\S\,£+\S\,r-\S\)]) 

t=M^ Sc[d] ^ 
oo 

> P(M, d, £, r,p) n (1 - 

t=M 

> {l-£)P{M,d,£,r,p) 

if M/m is sufficiently large, as required. □ 

We can now prove Theorem 5. 

Proof of Theorem 5. The proof is by induction on r. The theorem 
holds for r = 2 by Lemma 9, so let r > 3 and assume the result holds for 
all smaller values of r, for all values of d> r, £ >0 and e > 0. We shall 
fill the set [n]*^ in three steps: First we use Lemma 10 to fill a cube of 
sidelength M « (logn)^~^; then we use Lemma 12 to fill a cube of sidelength 
A'^ = (logn)^; finally we show that such an internally spanned cube exists 
somewhere in [n]'^ with high probability, and that this cube grows to fill all 
of [n]'^. 

Let d, £, r and e be as described, let n be sufficiently large, and let 

^ (X{d + £,£ + r) + e 
P- 1 

Let 5 = 6{d, £, r,e) > be sufficiently small, and let m be defined by 

log(r-2) m={l- 25) log(,,_i) n, 

let M be defined by log(-^_2) = (1 ~ ^)log(r„i)n, and let N = (logn)^. 
Note that M/m — > oo as n ^ oo. 

First we give a lower bound on the probability that [M]'^ x [2]^ is semi- 
spanned. 
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Proof. When r = 3 this follows from Lemma 10. Indeed, note that 
log M = (1 - 5) log log n, so < (log log n)^"'^ < , and thus, 

P{M,d,£,3,p) > exp(-M^+'^) = exp(-(logn)i~'^') » -. 

n 

When r > 4 the claim is even easier, since dlogM < d{\og\ognY-^ < (1 - 
5) log log n, so 

P(M,d,£,r,p) >p^^' >exp(-log(l/p)(logn)i-'5) > -. □ 

n 

Next we apply the induction hypothesis to show that semi-percolation is 
likely to occur on the sides of [mf x [£f . 

Claim 2. P{m,d — i,£ + i, r — i,p) ^ 1 as n ^ oo for every 1 <i <r — 2. 

Proof. Observe that 

^ / (1 - 26){X{d + £,e + r) + e) \ ^-^'+^ ^ / A((i + + r) + ,5 y''-+^ 
~ V log(r„2) m J ~ \ log(^„i_i) m / 

for each i G [r — 2], if 5 is sufficiently small. Thus, for each i G [r — 2], 

P{m, d — i,i + i,r — i,p)^l 

as n ^ oo, by the induction hypothesis. □ 

Claim 2 allows us to apply Lemma 12. Combining this with Claim 1, we 
obtain 

PiN,d,e,r,p) > lp{M,d,e,r,p) > - 
2 n 

if n is sufficiently large. It follows, as there are (n/N)'^ ^ n pairwise disjoint 
cubes, that, with high probability, there exists a cuboid C x 1^ C [A] of 
size [A^]*^ X 1^ somewhere in [n]"^ x [2]^. Applying Lemma 12 and the FKG 
inequality once more, we obtain 

P{n - 1, d,i, r,p) > (1 - o(l))P([n - l]'^ x 1^ C U (C x 1^)]) ^ 1 

as n — > oo. One final application of the induction hypothesis to the sets {x G 
[n]'^ X [2]^ : Xj = n} now gives P([n]'^ x 1^ C [A]) — > 1 as n — > oo, as required. 
□ 
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4. Percolation on C([n]^ X [fe], 2). In this section we shall prove the 
following theorem and corollary, from which Theorem 2 follows. 

Theorem 13. For every e > 0, there exists Bq > and /cq :]R+ ^ M+ 
such that the following holds for all B > Bq and k > ko{B) > 3. Let p> be 
sufficiently small, let R C C{B/p,k) be a rectangle with long(i?) = B/p, and 
let the elements of Ac R be chosen independently at random with probability 
p. Then 

P(^e(^))<exp(-H^<^). 

The following corollary is the technical statement which we shall need in 
Section 5. 

Corollary 14. For every e > 0, there exist B,kQ> such that if 
k > ko, n is sufficiently large, and the elements of A C C{n,k) are chosen 
independently at random with probability p= ^\og^„ ^ , then 

P(long(i?) > i?logn for some R£ {A))< n~^. 

Our proof will be similar in structure to that given by Holroyd [19] in the 
2-dimensional case; however, the proof does not follow from that of [19] in 
a straightforward way. In fact, even our notion of a "hierarchy" is different, 
and this makes "crossing a rectangle" somewhat harder. In Sections 4.1 and 
4.2 we make the necessary definitions and deal with the resulting technical 
problems. Finally, in Section 4.3 we sketch how the method of [19] may be 
used to complete the proof. 

One of the important ideas of Holroyd was that the bootstrap process in a 
{B/p) X {B/p) rectangle may be broken up into a bounded number of steps, 
each step being either the appearance of a small internally filled rectangle 
(a "seed"), the growth of a rectangle sideways by e/p, or the combination 
of two (not too small) rectangles into a larger one. Moreover, and crucially, 
these steps are caused by disjoint sets of active sites, so, having bounded the 
probability of each step, the probability of a particular "hierarchy" of rect- 
angles may be bounded from above using the van den Berg-Kesten Lemma. 
The point is that there are either many "sideways steps" or many seeds. 

In our case the situation is a little more complicated, and we therefore 
have to define the hierarchy slightly differently (see Section 4.1), using the 
concept of internal spanning defined in Section 2. It is then somewhat trickier 
to bound the probability that a rectangle grows sideways: we do this is 
Section 4.2. Bounding the probability of a seed appearing is easy, as in [19]. 

We remark here, for ease of reference, that there will be various constants 
which appear in the proof, which will depend on each other, but not on p. 
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These will be chosen in the order first B (for "big"), then 5, k and Z (for 
"seed") together, and finally T (for "tiny"), and will satisfy 

In particular, we shall need that S < S{B), k > k(B, S) and T < T{Z, k, 6) in 
Lemmas 21 and 28, that 5 < d{Z) in Lemma 28, and that Z < Z{B,k) in 
Lemma 31. Fortunately all of these inequalities can be satisfied simultane- 
ously, as we shall see. 

4.1. Hierarchies. The purpose of this subsection is to prove Lemma 20, 
below, which gives us our fundamental bound on the probability that A 
percolates. (Note that we are now referring to full percolation, as opposed 
to the semi-percolation studied in the previous section.) In order to state 
the lemma, we shall need to define what we mean by a "good and satisfied 
hierarchy" of a rectangle R. In this subsection we shall work in C([n]'^ x 
[fc]^,r), since the proofs carry over to the general case in a very natural way. 
We shall assume throughout that /c > 3, although in fact our proofs also 
work in the case k = 2. 

We begin by describing the algorithm by which we infect the sites of 
C{[nY X [kY,r). It is slightly more complicated than the algorithm used in 
[19], and may seem slightly unnatural at first. Defining a hierarchy in this 
way seems to be necessary, however, and is perhaps the most crucial new 
idea in this paper. 

Main Algorithm. At each step of the algorithm we have a collection 
of rectangles Ri, . . . , Rm and a collection of disjoint sets Ai, . . . , Am C A 
such that {Ai) = Ri for each i G [m], that is, n([Aj]) is connected and Ri is 
the smallest rectangle containing [Ai]. 

We begin by letting m = and partitioning A into single elements, 
that is, \Ai \ = 1 for each i £ [m]. Thus, each Ri = {Ai) is a 1 x • • • x 1 rect- 
angle (considered in [nY). At each step, we perform one of the following 
operations: 

(a) If n([^j]) U n([ylj]) is connected, then we replace 

{R^,Ai) and {Rj,Aj) by {{AiU Aj) , Ai[J Aj). 

(b) li2<t<r + l\s minimal such that [^^(i) U • • • U Aj^^t)] + [^i(i)] U • • • U 
[^j(j)], then we replace the collection 

{(^j(i)'^i(i))' • • • ' (^iW'^iw)} 

by ((A^-(i) U • • • U ylj-(t)) , Aj-(i) U • • • U ^^-(t) ). 

When neither of the operations is possible, or when m = 1, we stop and 
output the collection {R\^ . . . , Rm}- 
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We claim that, after each step, the sets G [m]} are pairwise dis- 

joint, and n([74j]) is connected for each j £ [m], as required. For (a) this is 
obvious; for (b) it follows because t was chosen to be minimal, and so one 
of the elements of [^j(i) U • • • U ^j(t)] \ ([j4j(i)] U • • • U connects the 

components of n([ylj(i)] U • • • U 

We make the following observation about the algorithm above. 

Observation 15. For any A C C{[n]^ x [kY,r), the output of the Main 
Algorithm is (A). 

Moreover, the diameter of the largest rectangle at most doubles at each 
step. Thus, we have the following two key lemmas from [19]. (We remark 
that the first was originally proved for [n]'^ in [2], and a version of the second 
for the hypercube was independently proved in [3].) 

Lemma 16. Let A C C{[nf x [fcj^r). If 1 < L < diam([^]), then there 
exists a rectangle R, internally spanned by A, with 

L < long(i?) < 2L. 

Proof. Run the Main Algorithm for A. At some point along the way 
the required rectangle must have been created. □ 

Lemma 17. Let Rc C([n]"' x be a rectangle, and suppose that 

i? G n -R) . Then, for some 2 < t < r + I, there exist disjoint nonempty 
sets Ai, . . . , At C A, and rectangles Ui, . . . , Ut, such that (Ai) =Ui ^ R for 
each iG[t], and {AiU---UAt) = R. 

Remark 3. Note that we prove that (^i U • • • U At) = R, not just that 
{Ui U • • • U Ut) = R (as in previous versions of the lemma, see [3, 19]). This 
subtlety will be important in the proof of Lemma 18 below. 

Proof of Lemma 17. Let A' C An R be minimal such that {A') = R; 
such a set must exist since Rg (ACiR). Run the Main Algorithm for A' up 
until the penultimate step. Whether the last step is of Type (a) or Type 
(b) we obtain, for some 2 < t < r + £, disjoint nonempty sets Ai, . . . ,At, 
as required. Indeed, {Ai) is a rectangle for each i G [t] by the definition of 
the algorithm, and {Ai) ^ R since A' was chosen to be minimal. Finally, 
{Ai[J---UAt) = RhY Observation 15 since {A') = R. □ 

We need one more important definition. 
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Definition. Given two rectangles Rc R', let D{R, R') denote the event 
that 

R' G {{AuR)nR'), 
that is, the event that R' is internally spanned by AU R. 

Note that the event D{R, R') depends only on the set A f] {R' \ R). Let 
Pp{R, R!) := F{D{R, R')\A G Bm{R',p)). 

Definition. Let i? be a rectangle in C([n]'^ x [/c]^,r), and let p> 0. A 
hierarchy 7^ of i? is an oriented rooted tree Gfi, with all edges oriented 
away from the root ("downward"), together with a collection of rectangles 
{Ru ■ u G V{G-n)}, Ru C C([n]'^ x [kY, r), one for each vertex of Gn, satisfying 
the following criteria: 

(a) The root of Gn corresponds to R. 

(b) Each vertex has at most r + £ neighbors below it. 

(c) If M — > u in G-H , then R^D Ry. 

(d) If f{u) = {vi, ...,vt}andt> 2, then {R^^ U ■ ■ ■ U Ry^) = Ru- 
A hierarchy is good for (T, Z, p) G M"^ if: 

(e) If f{u) = {v} and \ f{v)\ = 1, then </>(i?„) - G [T/p,2T/p]. 

(f) If f {u) = {v} and \ f {v)\ + 1, then <^(Ru) - < 2r/p. 

(g) If |f(ii)| > 2 and t; G f{u), then <^(i?„) - ^{R^) > T/p. 

(h) If li is a leaf, then short(-Ru) < Z/p. 

(i) If u is not a leaf, then short(i?u) > Z/p. 

A hierarchy is satisfied by A if the following events all occur dis jointly: 

(j) Ru is internally spanned by A whenever Ru is a seed (i.e., u is a leaf), 
(k) D{Ry,Ru) whenever T{u) = {v}. 

The next lemma tells us that every internally spanned rectangle R has a 
good and satisfied hierarchy. See also Proposition 32 of [19]. 

Lemma 18. Let A C C{[nf x [kY,r), let T,Z > p> 0, and let R C 
C([n]'^ X [A:]^,r) be a rectangle. Suppose that A internally spans R. Then 
there exists a good and satisfied hierarchy of R. 

Proof. The lemma follows by an easy induction on (t){R). First note 
that the result is immediate if short(i?) < Z/p, by choosing the hierarchy 
with one element. Thus, in particular, the result holds if (t){R) < 2Z/p. 
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So let short(i?) > Z/p, and apply Lemma 17. For some 2 < < r + 
we obtain disjoint sets . . . ,^[^1^ C A and rectangles u[^\ . . . , U^^^^, such 

that (Af ^) = ^ / R for each i G [t{l)], and (A^^^ U • • • U aJJJ)) = i?. Choose 

one of the rectangles CZ-IA with 

</>(C/j(\\)=max{0(f/f)):iG[t]}, 

and let 5i = U^^l^ and Ai = A^^^y Note that {Ai) = Si, and that (j){Si) < 
(t>{R). 

(2) (2) 

Now apply Lemma 17 to the rectangle Si to get disjoint sets A\ . . , A^^^) 

(2) (2) 

Ai and rectangles U{ , ■ ■ ■ , ' ™^ hence a pair (^2,^2) with (^2) = 5*2 = 
(2) 

JJjj-g) as before. Repeat until one of the following occurs for some m G N: 

(a) <P{R)-4>{Sm.)e[T/p,2T/p], 

(b) ^{R) - ct>{Sm) > 2T/P, 

(c) short(5™) < Z/p. 

Note that at least one of these must occur eventually, since (l){St+i) < 0(5't) — 
1 for all t G N. There are four cases to consider: 

Case 1: (j){R) — 4>{Sm) G [r/Pi2r/p]. By induction, there exists a good 
[for (T, and satisfied (by Am) hierarchy TL' of Sm- We create a good 

and satisfied hierarchy of ii by adding a new root vertex, with a single 
neighbor (the root vertex of 7i'). It is easy to see that W is a good hierarchy 
for (T, Z, p) ; it is satisfied by A because the set A \ Am is a witness set for 
the event D{Sm,R), since Am C Sm and R G (A). 

Case 2: (j){R) — (j){Si) > 2T/p. There exist good and satisfied hierarchies 
Til, . . . , 'Ht(i) for u[^\ . . . , uj:^^^ respectively, where Hi is satisfied by A^/'^ for 
each i G [t{l)]. We obtain a good and satisfied hierarchy 7i for R by adding 
a new root vertex, with t{l) neighbors [the root vertices of 7ii, . . . ,Ti.t(^i)]. 

This hierarchy is clearly satisfied by A; it is good because (j){R) — (t){ul^^) > 
(piR) - (piSi) > 2T/p for each i G [t{l)]. 

Case 3: 4>{R) — 4>{Sm) ^ 2T/p for some m>2. Since this is the first m for 
which one of (a), (b) and (c) holds, it follows that (j){R) — (/>(5'm-i) < T/p and 

short(S'm-i) > Z/p. Note that therefore (j){Sm-i) — 4'{Ui'^^) > (/)(5.m-i) — 
0(5'm) > T/p for each i G [i(fTi)]. 

Let Hi, . . . ,7{t[m) be good and satisfied hierarchies for Ui^\ . . . ,U^^y 
respectively. Define H by adding two new vertices: a new root vertex u, with 
one neighbor v, which in turn has t{m) other neighbors [the root vertices of 
Hi, . . . ,Ht(m)]- Let Ry = Sm-i, and observe that H is good and satisfied. 
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Case 4: short(S'm) < Z/p, but (piR) ~ 4>{Sm) < T/p. Let Tii be a good 
and satisfied hierarchy for Sm (i-e., a single vertex), and form 7i by adding 
a root vertex to 7ii. It is easy to see that W is a good and satisfied hierarchy 
for R. □ 

Given T, Z > p > 0, let 7i{R,T, Z,p) denote the collection of hierarchies 
for R which are good for the triple (T, Z, p) . The next lemma makes the 
crucial observation that there are only "few" possible hierarchies. 

Lemma 19. Let B,p>0, let Rc C{[n]'^ x [fc]^r) with long (R) < B/p, 
and let T, Z > p > 0. Then there exists a constant M = M{B, T, d, i, r) such 
that 



\n{R,T,Z,p)\<Mp 



-M 



Proof. Let TChe a hierarchy in 7i{R, T, Z,p), and consider a path from 
the root of 7^ to a leaf. By properties (e) and (g), out of every two consecutive 
steps (not including the last), there is one which corresponds to a decrease 
in (f){R) of at least T/p. These add up to at most dB/p, and thus, the tree 
G of 7i has depth at most 2dB/T + 1. It also has maximal out-degree at 
most r + £ by property (b). Each such tree has at most V = 2(r + £)2d_B/T+i 
vertices, and there are thus at most {r + i + 1)^ such trees. 

Now, each rectangle may be chosen in at most (B/p)'^'^ ways, and so there 
are at most [B/p]'^'^^ ways of choosing the rectangles. Thus, there are at 
most 

^r + i+ lYiB/pf"^ < {B{r + i + 1))2'^V'''^ < Mp-^ 
possible hierarchies of R, where M = {B{r + £ + 1))^"^^. □ 

We are ready to prove the main lemma of this section. It gives us our 
basic bound on the probability that A internally spans R. Recall that Pp{R) 
denotes the probability that a rectangle R is spanned by a set ^4 G Bin(i2,p). 



Lemma 20. Let R he a rectangle in C{[nY' x [kY,r), T,Z > p> 0, and 
A£Bm{R,p). Then 

nR^{^))< E ( n ppiRv,Ru)) n 

Hen{R,T,Z,p) seeds u 

Proof. Suppose R S (A). Then, by Lemma 18, there exists a good and 
satisfied hierarchy TC for V. But, by the van den Berg-Kesten Lemma, the 
probability that TC is satisfied by A is at most the product of the probability 
of the following events: 
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(j) Ru is internally spanned by A whenever is a seed (i.e., ti is a leaf), 
and 

(k) D{Ry,Ru) whenever V{u) = {v} 

since these occur disjointly. The result now follows by taking the union 
bound over all possible hierarchies. □ 

4.2. Crossing a rectangle. We now return to the three-dimensional case, 
C{n,k). We begin by defining what we mean by crossing a rectangle in 
C{n,k). Our definition is a generalization of that for [n]^ in [19]. 

A path from left to right across a rectangle R= [{a,b),{c,d)] C C{n,k) 
is a path from a point in the set {{x,y,z) £ R:x = a} to a point in the set 
{{x,y,z) eR:x = c}. 

Definition. A rectangle R= [{a,b),{c,d)] C C{n,k) is said to be left- 
to-right crossed (or just crossed) by ^ C C{n,k) if the set An R has the 
following property: let 

A' := {An R) U {{x,y, z) :x < a - 1}. 

Then there is path in [A'] from left to right across R. 

We write H^{R) for this event, and define H^{R) (right-to-left), H^{R) 
(top-to-bottom) and (R) (bottom-to-top) crossing of R similarly. (Here 
"top-to-bottom," e.g., means from a larger to a smaller second coordinate.) 
In [n]^ crossing a rectangle is simple; one simply has to avoid "double gaps." 
In C{n,k) more things can go wrong, so we begin by bounding the event 
H^(R) (the others follow by symmetry). In fact, and with foresight, we 
shall bound from above the function 

h(R,£) := max \¥JR is left-to-right crossed by A\W C ^)|, 

where we write Pp to mean A e Bm{R,p). Note that ¥p{H^{R)) = h{R,0). 

Recall the definition (1) of (5{u) := P2{u) from the Introduction. In par- 
ticular, note that it satisfies 

p{uf = {2u - u^)l3{u) + ^(1 - uf. 

The following lemma is the key (new) step in the proof of Theorem 13. 

Lemma 21. Let B > 0, 6o{B) > 6 > 0, and k >6e^^ log{l/6) + 2. There 
exists a constant T = T{k,5) > such that the following holds. Let p> be 
sufficiently small, and let R be a rectangle in C{n,k), with dim(i?) = {s,m), 
where m< B/p and s < T/p. Then, for any £ G N with 21 < s, 

(3iuY+^ < Fp{H^{R)) < h{RJ) < m\l3{u) + 6)''^^, 
where u = l — {1 — p)™ = 1 — e"^™. 
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Remark 4. To understand this lemma, the reader should think of B 
and k as large, and of P{u), 5 and T as constants, with 6 smaller than 
1 — P{u) G (0, 1), and T much smaller than 5. As we shall see later, the error 
terms m^, 5 and Ai on the right-hand side do not matter much, and so the 
lemma gives an essentially sharp upper bound on h{R,i). 

For the sake of simplicity, we shall assume that k is even in the proof 
of Lemma 21; the proof for k odd is the same. Thus, we now replace k by 
2k, and throughout the remainder of this section we let R = [(1, 1), (s, m)] C 
C(n, 2k) be a rectangle as in Lemma 21, and assume that the set {(0, y, z) : (1, 
y, z) E R} C A. We begin by defining some events which depend on the set 
AnR^ Bin(ii,p), which we shall call blockers, savers and last chances (see 
Figure 1). 

In Figure 1 the top left point of R is (1, 1, 1), the x-axis runs left-to-right, 
the z-axis top to bottom and the y-axis into the page. Thus, the top and 
bottom surfaces of R (in the figure) have threshold 2, and every vertex not 
on one of these surfaces has threshold 3. The shaded area on the left denotes 
the set A' \R of "previously infected" sites. 

We begin by defining some sets, which are each 1 x m x 1 columns (going 
into the page) . For each i G [s] and j G [k] , let 

:= {{x,y,z) £R:x = i and z = j}. 




< s > 



Fig. 1. Crossing R. 
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and let Ml{j) := Mi{2k + 1 - j). 

Definition. An L-blocker occurs at point if the set 

M,(l) U M,(2) U Mi+i(l) U Mi{j) U Mi{j - 1) U Mi+^U) 

is empty (i.e., contains no element of A), where z € [s — 1] and 2 < j < k. 
Define an L' -blocker similarly, for the sets M-{j). 

The L-blockers act like the L-gaps of Section 3 (with i = 1). The idea is 
that, if k is sufficiently large, the probability that there is an L-blocker at 
point for some j € [k] is about the same as the probability of an L-gap. 

For each 1 < « < j < s, let R[i,j] = {{a,b,c) £ R:a£ and let R[i] = 

R[i, i]. Moreover, let R'^ = {(a, 6, c) £ R:c< k} and R~ = R\R'^ , and define 
R~^[i,j] and R~[i,j] accordingly. 

A double gap in a cuboid C = [ai] x [02] x [03] is a pair of empty adjacent 
planes in C, that is, a pair with < j < a^, such that {{xi,X2,X3) G 

AnC : Xi £ + 1}} = 0. Note that this definition includes the case where 
just the face of the cuboid is empty. 

Our next definition deals with the possibility that, although Mj(j) may 
be empty (in A), it may contain some element of [A]. 

Definition. An i-saver of Mj(j) is a cuboid C C R'^[i,i + £- 1] whose 
left face intersects Mi{j), whose right face intersects Mj+£_i(j), and which 
has no double gap. 

An L-blocker at point is said to be saved (or ^-saved) if there exists 
an ^-saver of one of Mi(l), Mi(2), Mi+i(l), Mi{j), Mi{j - 1) and Mi+i(j), 
for some 2<i<s. Otherwise, the L-blocker is unsaved. 

We define ^-savers and L'-blockers in similarly, using the sets M-{j). 

We shall show (see Lemma 26 below) that an L-blocker is very unlikely to 
be saved, and thus that the probability that there is an unsaved L-blocker 
at point (i,j) for some j £ [k] is also about the same as the probability of 
an L-gap. 

The following algorithm describes a method of trying to cross R^, and 
defines the variable CA{R~^) G [0,s]. 

Crossing Algorithm. Set CA(i?+) := and x := 0, and repeat the 
following steps until either CA^R'^) > s, or STOP: 

1. If the set Mx+i{l) U Mx-\-i{2) is occupied, then set x := x + 1, and go to 
Step 5. 

2. If the set M^_|_2(l) is occupied, then set x : = x + 2, and go to Step 5. 
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3. If Mx+i{l) U Afx+i(2) U Mx+2{^) is empty, but there is no L-blocker at 
point [x + 1, j) for any 2 < j <k, then set x := x + 2, and go to Step 5. 

4. Otherwise, let u € [k] be minimal such that there is an L-blocker at point 
{x + l,u). Set i ■.= 2, and repeat the following steps until x + £> s: 

(a) If there exists an £-saver of the L-blocker at point (x + 1, u), then set 
X := X + i + 1 and go to Step 5. 

(b) Otherwise, 

(i) Ux + £> s, then STOP. 

(ii) Set i : = £ + 1 and go back to Step 4(a). 

5. Set CA{R~^) := x and go back to Step 1. 

Remark 5. Note that if an L-blocker is saved by an £-saver, we "give 
away for free" the next £ + 1 columns, about which we now have "positive" 
information (that some cuboid has no double gaps), in order to preserve 
independence. However, we pay a price for this: the Crossing Algorithm is 
not monotone. [For example, adding an infected site in Mj(l) is unhelpful 
if we would otherwise use a 10-saver of Mi{5).] It is for this reason that we 
will need to use Reimer's Theorem. 

Using the Crossing Algorithm, we come to the definition we shall use. 

Definition. Say that is L-crossed up to the point x G [s] if CA{R) > 
X. Define L'-crossing of R~ similarly, using L'-blockers and the sets M-(j) 
in the Crossing Algorithm. 

If either i?+ is L-crossed or R~ is L'-crossed up to x, then say that R is 
unblocked up to x. 

We shall use the following properties of L-crossing. 

Lemma 22. Foranyx,y>0, 
Fp{R is L-crossed up to x + y\ R[l,x] C ^1) < fp{R is L-crossed up to y). 

Proof. None of the elements of An are useful in crossing from 

X to x + y. The inequality comes from the fact that there is less space to the 
right in which to find ^-savers (only s — x instead of s). □ 

Lemma 23. Let x G N 6e maximal such that R is unblocked up to x. 
Suppose X <s—l. Then, for some {u, v) and (u' , v'), with max{u, u'} = x + 1 
and V, v' £ [k], 

(a) there is an unsaved L-blocker at point {u,v), and 

(b) there is an unsaved L' -blocker at point {u',v'). 
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Moreover, suppose u' < u, and let 

X = {{a,b,c) (z R: a < u , or a <u and c<2k — v'}. 
Then there is a witness set in X for the event "R is unblocked up to x. " 

Proof. This follows immediately from the Crossing Algorithm. □ 

We need one more definition. Let [yl n i?]2 denote the closure of the set 
AnR under the 2-neighbor rule. 

Definition. A last chance at distance ?/ > is a path in [n]^, which 
uses only vertices from the set 

U{[AnR]2UR[s + l]), 

from R[s + 1] to R[s — y + 1], that is, from the boundary of R on the right, 
to a point at distance y from the boundary. 

Finally our effort is rewarded: the following lemma shows why the events 
above are important. 

Lemma 24. Let R C C{n,2k) be a rectangle as described in Lemma 21, 
and let Ad R. If the event H^{R) occurs, then there exists some x < s such 
that the events, 

(a) R is unblocked up to x, and 

(b) there exists a last chance at distance y = s — x, 

occur disjointly. 

Proof. Let R = [(1, 1), (s,m)], and let x G [s] be maximal such that R 
is unblocked up to x. If x = s, then we are done, since there is always a 
last chance at distance 0. Otherwise, by Lemma 23, there exists an unsaved 
L-blocker at {u,v) and an unsaved L'-blocker at (u',v'), say, where, without 
loss of generality, u' <u = x + 1. Moreover, writing 

X = {(a, b,c) £ R : a < u' , or a <u and c<2k — v'} 

(see Figure 1), there is a witness set in AOX for the event "i? is unblocked 
up to X." Suppose the event H^[R) occurs; we claim that there is a witness 
set m. A\X for the event "there exists a last chance at distance y = s — x." 

Assume there is no such witness set, and let A' = AU {{0,b,c) :b £ [m],c £ 
[2k]}. We must show that there is no path across R in [A']. Consider the set 

Y = Mu{l) U Mu{2) U M„+i(l) U Mu{v) U Mu{v - 1) U Mu+i{v) 

U M4,(1) U M4,(2) U M;,+i(1) U M:,,iv') U M^^K - 1) U Mi,^,{v'), 

where the sets Mi{j) and M[[j) are as defined above. Observe that Ar\Y = 
0, since R has an L-blocker at point (u, v) and an L'-blocker at point (n', v'). 
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Claim. [A']nY = 0. 

Proof. This follows because the L-blocker and the L'-blocker are un- 
saved. Indeed, suppose that [A'] n F is nonempty, and run the bootstrap 
process until some element of Y is infected. Let w G [A'] n y be the first 
element of Y infected by A' , and let W denote the set of infected sites if 
the bootstrap process is stopped as soon as w becomes infected. (To be 
precise, we choose an ordering vi, . . . ,vt of [A'] \ A' such that \T{vi) n {A' U 
{vi, . . . ,Vi-i})\ > r{vi) for each i £ [t], let w = vj gY with j minimal, and 
let W = A'[j{vi,...,Vj}.) 

There are two cases to consider: either w G R'^ or w £ R~ . Consider the 
sets 

:= n {(a, b,c) e R:a>u and c<v} 

and 

W- :=Wn{{a,b,c)eR:a>u' and c>2k + 1 - v'}. 

If w E R'^, then let D denote the connected component in W'^ containing 
w. If It; G R~ , then let D denote the connected component in W~ containing 
w. In both cases, let C denote the smallest cuboid containing D. 

First note that the vertices of Mu{l) U M^,{1) have only one neighbor in 
R outside Y, and the vertices of Mu{v) U M^,{v') have only two neighbors 
in R outside F, and so -u; ^ M„(l) U Mu{v) U M^,(l) U M'^,{v'), since it is the 
first element of Y infected. Next, observe that w cannot lie in the right-hand 
edge of C, since w would not have enough previously infected neighbors in 
[A'] to be infected itself. For example, if w G Mu{v — 1), then w would have 
at most two previously infected neighbors, one in X and one in the row 
above. Thus, if C does not have a double gap, then it is a saver of Mi{j), 
where w G Mi{j) C Y. 

But the blockers are unsaved, so C must have a double gap, U. Since 
C is the smallest cuboid containing the connected component D, it follows 
that D contains some member x €U. Let x be the first member of U to 
be infected; we claim that in fact x must have fewer than r{x) infected 
neighbors, a contradiction. 

Indeed, x has no neighbors in D \ C = 0, and at most one infected 
neighbor in C, since U is a double gap, and x is the first member of U 
to be infected. Moreover, x has at most one neighbor in W \ [since 
w ^ Mu{v) U M^,{v')], and if r{x) = 2, then x has no neighbors in \ 
[since w ^ Mu{l) U M^,(l)]. It follows that x has too few infected neighbors; 
this contradiction proves the claim. □ 

Now, observe that the sites of i? \ {X U 1") either have threshold 3 and at 
most one neighbor in X, or have threshold 2 and no neighbors in X . Thus, 
given [^4'] nY = 0, it follows that [A'] is contained in the set X U[A\X]2. 
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Recall our earlier assumption, that there is no witness set in R\X for 
a last chance at distance y = s — x. This means that there is no path in 
n([j4 \ X]2) from the right-hand edge of R to the set Il{X), and so, since 
[^4'] C X U \ X]2, there is no path across the rectangle R in n([74']). So 
R is not crossed by A, contradicting our assumption that the event H^{R) 
occurs. 

We have shown that there exist witness sets for events (a) and (b) which 
lie in AnX and in A\X respectively. Thus, the events occur disjointly, as 
required. □ 

Now, define 

a(x,£) = max fri(R'^ is L-crossed up to point x\W C A). 

WCR,\W\<£ ^ 

Note that a{x,i) is decreasing in x and increasing in i. Most of the rest of 
the work of this section will be to prove the following lemma, which gives 
us our bound on a{x,i). 

Lemma 25. Let the constants B,6,p> and n, m,s,k£ N, and the rect- 
angle Rc C{n, 2k), be as in Lemma 21, and let u = l — {1 — p)™. Then, for 
any x £ [s] and any i G'N with 21 < s, 

a{x,i)<if3iu)+5f-^'. 

Remark 6. Recall that k > Ge*^^ log(l/5) + 2, and that s < T/p, where 
T = T{k,6). 

In order to prove Lemma 25, we must estimate the probability that a 
blocker is saved. Since the proof is similar, and we shall need the result 
later, we shall also bound the probability that a last chance occurs. For each 
y e [s] each £ G N, let 

S{y,l) = max max{P„(Mj(j) has a y-saver|Vr C A)} 

i,j \w\<£ 

and 

b{y,£) = max{Pp(i? has a last chance at distance y \W C A)}. 

\W\<£ 

Lemma 26. Let i,y G'N, with y >2, and let n,m,s,k G'N and the rect- 
angle Rc C{n,2k) be as described in Lemma 21. Then, 

(a) S{y,£)<Amiy + lf{4kyp) r(!/+i)/2l ^ 

(b) b{y,i) < 2my{6kyp)y/'^~^. 

We shall use the following simple observation in the proof of Lemma 26. 
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Lemma 27. Let C C [n]^ he a cuboid with dim(C) = {u,v,w), and let 
p> 0. Let L C C with \L\ = i, and let A G Bin(C,p). Then 

F{C has no double gap \L C A) < (2ut'p)r("'+^)/2l-^^ 

Proof. We partition C into double slices -Di, . . . ,Dyji, where w' = \{w + 
1) /2] , by letting Di = {{x,y, z) £ C : z £ {2i-2,2i-l}} for each i £ [w'] . If C 
has no double gap, then each is occupied, so let Wl = {i £ [w'] : DiriL = 
0}, and let w" = \Wl\ >w' -i. 

Let us choose, for each i £ Wl, an infected site dj £ and let D = {d^ : i £ 
Wl}. We have {2uv)'^ choices for the set D, and the probability that A 
contains D \ L is at most p"^ , as required. □ 

We now prove Lemma 26. 

Proof of Lemma 26. Recall that i? is a rectangle as in Lemma 21, and 
let W £ R with \W\ < £. All probabilities in this proof will be conditional 
on the assumption that W C A. The proof in each case follows easily by 
counting cuboids and using Lemma 27. 

Indeed, recall that a y-saver of Mj(j) is a cuboid C C R[i,i + y — 1] such 
that: 

• the left face of C intersects Mi{j), 

• the right face of C intersects Mj+.y_i(j), and 

• C has no double gap. 

Let long(C) = t>y, and count cuboids. We have at most m choices for the 
"nearmost" point in Mi{j) n C, and at most choices for C, given this 
point (t choices in direction 2, t^ choices in direction 3, and only one choice 
in direction 1). Note that the shorter two dimensions of C are at most y and 
2k respectively. Thus, by Lemma 27, the probability that C has no double 
gap is at most 

(4%p)r(*+i)/2i-^ 

Recall that y < s < T/p, and that we may choose T = T{k, 5) as small as we 
like. Thus, we may assume that ikyp is arbitrarily small. Hence, summing 
over t, we get 

m 
t=y 

as claimed. In the second inequality, note that the maximum could occur at 
either t = yoit = y + l. 

Next, consider b{y,i), and recall that a last chance at distance y is a path 
in U{[AnR]2UR[s + l]) from i?[s + l] to R[s-y+l]. We now have to count 



34 



J. BALOGH, B. BOLLOBAS AND R. MORRIS 



rectangles (in [ra]^), and bound the probabihty that each is crossed by the 
projection of A. 

Indeed, suppose there is such a (shortest) path P from R[s + 1] to R[s — 
y + l], and consider the smahest rectangle S C [n]^ containing the component 
of n([yl n i?]2) which contains P f] R. Then S must have no double gap in 
n(^). By Lemma 27 (applied to the cuboid S* x {1} with density 2kp), the 
probability of this is at most 

(4fcnp)r(*+i)/2i-^, 

where S is a u x t rectangle, and u<t say. Since P n i? is a path from R[s] 
to R[s — y + 1], we have t >y. Also u < s < T/p, so 4:kup may be made 
arbitrarily small by an appropriate choice of T. 

Thus, summing over all rectangles S, and noting that we have at most 
2m choices for S for each pair {u,t), we obtain 

b{y,£) <2m ^ (4A;Mp)r(*+i)/2l-^ < 2my{6kyp)y/^"\ 

u,t:u<t,y<t 

as claimed. □ 

Now we use Lemma 26 to prove Lemma 25, that is, to bound from above 
the probability that CA(i?+) > x. 

Proof of Lemma 25. Suppose that (3{u) + 5 < 1 (the result is otherwise 
trivial). We are required to prove that, for any x £ [s], any £ G N and any 
WcRwith \W\<i, 

Fp{CA{R+) > x\W CA)< {(3{u) + Sf'^^. 

Note that ¥p(CA{R'^) > x) depends on s, and in fact is increasing in s (the 
probability of a saver existing increases with s). However, we shall only need 
the fact that s is bounded from above by T/p, and so shall suppress this 
dependency on s. 

The proof is by induction on 2: + ^. If x < 2^, then the result is immediate, 
since a{x,i) < 1. The induction step follows easily from the following claim. 

Claim. 

Fp{CA{R+)>x\W CA) 

< max|a(x -2,1- 1), (2m - u'^)a{x - 1, ^) + n(l - ufa{x - 2, i) 

+ 6\ix -2,i) + 6j2Y. ^')«(^ -y-l,i-i')]. 

y>2e'>0 ^ 
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Proof. It follows from the Crossing Algorithm (see also Lemma 6 of 
Section 3) that one of the following holds: 

• Mi(l) UMi(2) is occupied, 

• Mi(l) UMi(2) is empty but M2(l) is occupied, 

• Mi(l) UMi(2) UM2(1) is empty but there is no L-blocker at for any 

• there is a y-saver of an L-blocker at point (1, j) [where j and y are minimal, 
in the sense that there is no L-blocker at (1, j') for any j' < j, and no y'- 
saver of the L-blocker at (1, j) for any y' <y], 

• CA{R+) = 0. 

Suppose first that W n R[l, 2] / 0. We claim that 
¥p{CA{R+)>x\W CA) 

<max|a(x-2,£- 1),6^ ^ S{y,e')a{x - y - l,i - 

^ y>2£'>0 ^ 

Indeed, if one of the first three cases holds, then 

Fp{CA{R+) > x\W cA)<a{x-2,e- 1), 

by Lemma 22 (applied with x = 2) and the Crossing Algorithm. [Recall that 
a{x,£) is monotone in both x and i.] On the other hand, consider the fourth 
case, and recall that the event "there is a y-saver of an L-blocker at point 
(l,j)" means that the six sets Mi(l), Mi (2), M2(l), Mi(j), Mi(j - 1) and 
M2(j) are empty, and that at least one of them has a y-saver. Thus, our 
y-saver may lie either in i?[l,?/] or in R[2,y+ 1], and so 

Fp{CA{R+) > x\W C A,3y-saveT at point {l,j))<a{x-y-l,£-£'), 

where £' = \ W f] R[l, y + The probability such a y-saver exists is at most 
6S{yJ'), so 

¥p{CA{R+) > x\W CA)<6Y,Y1 S{y,i')a{x -y-l,i- i'), 

y>2e'>0 

as required. Finally, in the fifth case Fp{CA{R'^) >x)=Q. 

Next suppose that W n R[l,2] = 0. Then Fp{CA{R+) > x) is bounded 
above by a{x — in the first case, and by a{x — 2,i) in the second and 
third cases, by Lemma 22. Moreover, the probability that the first case 
occurs is 2u — and the probability of the second case is u(l — u)^. 

Now recah that 1 - u = (1 - p)"" > e~'^P'^ > e"^^, since m<B/p. Thus, 
the probability that the third case occurs is at most 

(1 _ (1 _ < (1 _ e-6B){fc-2)/2 < ^3^ 

Since k > 6e^^ log (1/5) + 2. The fourth and fifth cases are as before. □ 
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Next we use Lemma 26 and the induction hypothesis to bound the sum 
in the claim. Indeed, if y > 2 and > 0, then 

S(y,/)a(x-y- 

< 4m(y + lf{Akyp) -i' ^ ^y-y-i-2{i-n _ 

Recall that y < s < T/p, and so 8kyp < (5^ if T is chosen to be sufficiently 
small compared with k and 6. Note also that mk'^p^ < Bk'^p ^0 as p — > 0. 
Thus, 

^^5(y,/)a(x-2/-l,^-0 

y>2l'>0 

< 2 ^ 4m(2/ + ifi'^kyp) rfe+i)/2l (/3(^,) + sf^y-^-"^^ 

?/>2 

Finally, recalling that 

(3{uf = {2u - u^)P{u) + ^(1 - uf, 
and using the claim, the bounds above and the induction hypothesis, we get 
Fp{CA{R+)>x\WcA) 

< iPiu) + 5f~^'~\i2u - u^){(3{u) +6)+ u{l - uf + 75^) 

< (/3(n) + 5f-^'-\l3{uf + (2n - u^)5 + 5^) 

since 6 < 5o{B) < 1/7 and 2u - u"^ < f3{u). □ 

Lemma 21 now follows easily from Lemmas 24-26. 

Proof of Lemma 21. The lower bound follows easily by Lemma 7, 
applied with d = 2 and i = l, since if R is semi-crossed (in the sense of Sec- 
tion 3), then it is crossed (in the sense of this section). Note that dim(i?) = 
(s,m), so v{l) = m and n(l) = u, as required. We shall therefore concentrate 
on the upper bound. 

Let > and 6q{B) > 5 > be sufficiently small. We may assume that 
f3{u) + 5 < 1, since otherwise the result is trivial. Let k > 6e^^ log(l/(5) + 2 
and let T be chosen appropriately so that Lemmas 25 and 26 hold. 

Let p > be sufficiently small, and let R C C{n,k) be a rectangle as 
described, with dim(i?) = (s,m), where m < B/p and s < T/p. Let 2i < s, 
let W C R with \W\ < i, and let A G Bin(i?,p). We are required to show 
that 

F{R is left-to-right crossed by A\W C A) < m^{p{u) + S)''^^. 
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Indeed, suppose that R is crossed by A. Then, by Lemma 24, there exists 
an X G [s] such that the events, 

(a) R is unblocked up to the point x, and 

(b) there is a last chance at distance y = s — x, 

occur disjointly. Therefore, by Reimer's Theorem, 

s 

F{R is left-to-right crossed by A\W C ^) < ^ a{x,£)b{s - x,£). 

x=0 

Letting y = s — x, and applying Lemmas 25 and 26, we get 

a{x,i)biy,i) < iPiu) + 6f~^^ mm{2my{6kyp)y/'^-^ ,1} < m^iPiu) + 6y-^\ 

since we may choose T small enough that 6kyp < GkT < 5^. Indeed, either 
y <2£, in which case x — 2i > s — M, or y >2i, in which case 

2my{6kyp)y/^^^ < 771^6^^^^ < m\Piu) + 5f-^^. 

Hence, 

P(i? is left-to-right crossed by A\W C A) < m^{(3{u) + Sf'^^, 
as required. □ 

4.3. Proof of Theorem 13. In this section we complete the proof of The- 
orem 13, using Lemmas 20 and 21 and the method of Holroyd [19]. We begin 
by bounding the probability that a rectangle grows sideways by T/p. 

Let R C R' be rectangles in C{B/p,k), and recall from Section 4.1 the 
definition of D(R,R'), and that 

Pp{R, R') = F{D{R, R')\A E Bm{R',p)). 

Let i?!, . . . , i?8 be as in Figure 2. Moreover, let i2top = Ri U R2 U R3, 

-bright = i?3 U i24 U i?5 , -Rbottom = -R5 U i?6 U i?7 and i?ieft = RiU RtL) Rg- We 

have 

Pp{R,R') = ¥p{R' is internally spanned by A\R is internally filled) 
< ¥p{H-{R,igu) U H^iRMt) U H^Rtop) U //^(i^bottom))- 

Let g{z) = g2{z) , the function defined in the Introduction. We shall deduce 
the following lemma from Lemma 21. 

Lemma 28. Let B > 0, and let 6o{B) > 6 > 0, Zq > Z > and A: G N 
satisfy k > 12e^^ log(l/5) -|- 2 and (6(5)^ < Z. Then there exists a constant 
T = T{Z, k,d) > such that the following holds. 
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Fig. 2. The rectangles RcR'. 



Let p> be sufficiently small, and let Rc R' C C{B/p,k) be rectangles, 
with dim(i?) = (m, n) and dim(i?') = (m + s,n + t), where Z/p < m,n < B /p 
and s,t <T/p. Then 

Pp{R, R') < m^n\()(u{n + t)) + 5'^)^^-^'^' {P{u{m + s)) + 5'^)^^-^^' 

(6) 

<(S/p)i4exp(-(l-2(^)(gMs + g((?7n)t)), 
where u{x) = 1 — (1 — pY = 1 — e~^^. 



Proof. Let C = i?i U i?3 U i?5 U i?7 denote the corner areas of R' \ R, 
and let W = An C . Let i = \W\, and note that \C\ = st < {T/pf . The idea 
is that, since T may be chosen smah compared with Z, it is hkely that i will 
be small compared with s and t, and so the events ff^(i?right)) -f^'~(-Rieft)) 

(Rtop) and -ff"'^(i?bottom) are "almost independent." 

To be precise, let us apply Lemma 21 to (appropriate rotations of) the 
rectangles -Rright, -Rieft, Rtop and -Rbottom, conditional on the event that \Ar\ 
C\ = £. Let ui = n(n + t) and U2 = u{m + s), and assume that 6 is sufficiently 
small, so, in particular, f3{ui) + ^•^ < 1 for i = l,2. Let T = T(k, S'^) be chosen 
small enough so that Lemma 21 holds, and so that {m + s)^{n + t)^ < 2m^n^ . 
Then, by Lemma 21, applied to B, and k, 

¥p{D{R,R!)\\W\=i) < h{R,iguJ)h{RMtJ)h{RtopJ)h{RbottomJ) 

< 2m6n6(/3(ni) + 5^y-''\(3iu2) + 5^)'-'''. 

We split into two cases: 8^ < (^min{s,t} and 81 > 6mm{s,t}. In the first 
case we have 

Fp{D{R,R') and 8|W^| < (^min{s,t}) 
(7) = ^ Fp{D{R,R')\\W\<l) 

8i<5min{s,t} 
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< "^Wiuin + t)) + 5^f-''^\f3{u{m + s)) + 5^f-'^\ 



In the second case, first note that ~ Bin(st,p), and so, if 8^ > min{s, i}, 
then 

Thus, 

Fp{D{R,R') and 8|VF| > (5min{s,t}) 

= Pp{D{R,R')\\W\=i)¥p{\W\=i) 

8£>5mm{s,t} 

8e>5min{s,t} ^ ^ 

< 4m''n6(/3(u(n + t)) + 5^y{p{u{m + s)) + 6^^ , 

since T may be chosen so that lOOT < 6^^. The first inequahty follows from 
(7) and (8). 

To obtain the second inequality, recall that m,n< B/p, and that 

e-aii^) = f3{l - e-'^'^) = (3iu{x)). 

Now, recall that m,n> Z/p, so u(ni + s),u(n + t) > Z/2, that f3{u) is in- 
creasing in u, and that /5(n) > -\/u/2 for small u. Thus, I3{ui) > \/Z/3, and 
so, since (6(5)^ < Z, 

for i = 1, 2. [Note that ^ (c + - c^"^) = 2a; + c^"^ log c < if < 2x < c < 
1/e.] Therefore, 

(/5(ni) + 52)(i-'5)« < /3(^^)(i-5)'^ = e-(i-5)'«9(g(n+*)) < exp(-(l - 26)sg{qn)) 

since (7(x) is continuous, and qt < 2T may be made arbitrarily small com- 
pared with qn> Z and 6. A similar inequality holds for (3{u2) and t, and so 
the result follows. □ 

We now rewrite the right-hand side of (6) in a more useful form. Define 
Wg{a, b) = inf / {g{y) dx + g{x) dy), 

7: a^hj^ 
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where the infimum is taken over ah piecewise Unear, increasing paths from a 
to b in (see Section 6 of [19]). Moreover, for any two rectangles Rc R' , 
let 

U{R,R') = Wg{qdim{R),qdim{R')). 

The following easy observation holds not only for g, but for any decreasing 
function. 

Observation 29 (Proposition 12 of [19]). 

Wg{a.,h) > {bi - ai)g{a2) + (62 -a2)g{ai). 

The following corollary of Lemma 28 is now immediate. 

Corollary 30. Under the conditions of Lemma 28, 

P,(fl,flO<Wp)"exp(-<l^^^miO). 

Next we bound the probability that a seed is internally spanned. 

Lemma 31. Let a>0, Z >0 and k £ N, with 2kZ < e""^". Let ?i G N 
and p> 0, let Rc C{n, k) be a rectangle with short(ii) < Z/p, and let A e 
Bm{R,p). Then 

F{R£{A)) < e-'^^^^l 

Proof. Suppose dim(i?) = {u,v), with u<v. Note that if G (A), then 
R has no double gap. Thus, by Lemma 27, 

F{R G {A)) < {2kupy''^ < (2fcZ)'^(^)/4 < e-''^^^\ 

as required. □ 

Finally, in order to deduce Theorem 13 from Corollary 30 and Lemmas 19, 
20 and 31, we shall need some way to relate the quantities X)f («)={i)} ^ {^v^Ru) 
and X^secds u4>{Ru)- The following lemma, due to Holroyd [19], does this for 
us. 

Lemma 32 (Lemma 37 of [19]). Let n,k and T,Z,p > 0. For any 
hierarchy 7i of a rectangle R C C{n,k) which is good for (T,Z,p), there 
exists a rectangle S = S{7i) C R, with 



0(5) < Yl ^(^u) 

seeds u 
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such that 



U{R,,Ru)>U{S,R) - {2qg{Z))\{uerL:\nu)\>2}\. 



f{u)={v} 



Proof. This was proved in [19] only for [n]^, but the proof for C{n,k) 
is exactly the same. □ 

Finally, we need the following simple modification of a lemma from [19]. 

Lemma 33 (Proposition 14 of [19]). Ifai + a2<A and h = {B, 62), and 
0-2^^2, then 



We remark that Bg{B) as B ^ 00, since g is integrable on (0, 00), or 
by Proposition 3. 

We are finally ready to prove Theorem 13. 

Proof of Theorem 13. Let e > 0, and let B = B{e), 6, k, a, Z and 
T = T{Z, k, 6) be positive constants, chosen so that Lemmas 21, 28 and 31 all 
hold. Thus, B, k and a are sufficiently large, and 5, Z and T are sufficiently 
smah. In particular, let a = 2B,k> lOe^^ log(l/(5), 66^ < Z and kZ < e"''". 
It is easy to see that we can satisfy these inequalities simultaneously, and 
that we have 



Finally, we let p — > 0, so p ^ T. 

Let R C C{B/p, k) with long(i?) = B/p, and let A G Bin(/?,p). By Corol- 
lary 30 and Lemmas 19, 20 and 31, we obtain 




T <.5,Z ^K.B <.k. 




<Mp-^{B/p) 



14M 





seeds u 
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for some constant M', since g{Z)\V{G-}i)\ is bounded above by a constant 
depending only on B, Z and T. 

We split into two cases, depending on whether X^seeds u^'i^u) > 5^ or 
not, and apply Lemma 33. In the former case, we get 

nR e (^)) < M'p-'^' exp (- ~ -a J2 HRu] 

^ seeds u 

< M'p-'^' exp (-—)< exp (- 

V BpJ \ p 

since a = 2B, and p is sufficiently small. In the latter case note that (j){S) < 
"g^ < 5^, and that xg{x) — > as x ^ 00. Thus, by Lemma 33, 

FiR g {A)) < M'p-'^' exp (- ~ - a cPiR^] 

^ seeds u 

< M'p-'^' exp ^ g{z) dz - Bg{B)^ 
2A(3,3) -e^ 



< exp 

V P 

if B is sufficiently large and 6 and p are sufficiently small, as required. □ 

4.4. Proofs of Corollary I4 and Theorem 2. We complete Section 4 by 
making the easy final steps necessary to deduce Corollary 14 and Theorem 2. 

Proof of Corollary 14. Let e > 0, and let B = B{e), k = k{B,e) be 
chosen according to Theorem 13. Let n = n{B,k,e) be sufficiently large, let 
p = -^^J^It^, and let A € Bin(C(n, k),p). We are required to show that 

P(long(i?) > i?logn for some R£ {A)) < . 

Indeed, suppose long(i?) > i?logn for some R G (A). By Lemma 16, there 
exists an internally spanned rectangle R' C R with {B/2) logn < long(/2') < 
Slogn. Then, by Theorem 13, 

2A(3,3) -e' 



F{R' e{AnR'))< exp 



P 



exp 



if B is sufficiently large, since A(3,3) < 1/2. 

There are at most (Slogn)^?!^ < n^"*"'^ potential such rectangles R' . So, 
writing X{B) for the number of internally spanned rectangles R' C C{n,k) 
with (B/2) logn < long(i?') < Blogn, we get 

P(long(i2) > Slogn for some R G (A)) < E{X{B)) < n'" , 
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as required. □ 

The proof of Theorem 2 is now immediate. 



Proof of Theorem 2. Let e > 0, let A; > i^(e) e N be chosen according 
to Corollary 14, and let S > satisfy 6 < {1 - 6)''. Finally, let n G N be 
sufficiently large. We are required to prove that 

log n log n 

The lower bound is immediate from Corollary 14, which says that, more- 
over, if p = '^^fog^„ ^ , then with high probability (as n — > co) [A] has diameter 
only O(logn). 

The middle bound follows from the condition S < {1 — S)^ , and the fact 
that there exist two copies (Ci and C2, say) of C*(n, 2) in C{n,k). Indeed, 

if p = p[%{C*{n,2)), then ¥p{A percolates in C{n,k)) > (1 - 6)'' for any 
2<A;eN. 

To spell it out, we use induction on k. The result holds for the base case, 
k = 2, because all sites in C(n, 2) have threshold 2, so we may couple C(n, 2) 
with two overlapping copies of C*(n,2), and use the FKG inequality. 

For the induction step, let Ci be the copy of (7*(n,2) in C{n,k) with 
vertex set {(x, y, z) : z £ {1, 2}}, and let D be a copy of C(n, /c — 1) on vertex 
set {{x, y,z) -.2 < z < k}. Observe that if A n Ci semi-percolates in Ci , and 
AnD percolates in D, then A percolates in C{n,k). Moreover, these events 
are increasing in A, and have probability at least 1 — 5 and (1 — 6)^~^ re- 
spectively, by the induction hypothesis. Thus, the result follows by the FKG 
inequality. 

Finally, the upper bound was proved in Section 3. Indeed, Theorem 5 
(applied in the case d = r = 2, i = 1) says exactly that, if p = ^^^^^^'^ , then 

Fp{A C C*{n, 2) semi-percolates) 1 

as n — > CO. □ 



5. Proof of Theorem 1. In this section we shall use Corollary 14 to prove 
Theorem 1. To do so, we will borrow the ideas of Cerf, Cirillo and Manzo [12, 
13], and also of Holroyd [20], who corrects a small error from [12, 13]. 

In order to state the main lemma of this section, we need a little notation. 
We will be interested in two-colored graphs, that is, simple graphs with two 
types of edges, which we shall label "good" and "bad." We call such a two- 
colored graph "admissible" if it either contains at least one bad edge, or if 
every component is a clique. For any set S, let 

A{S) := {admissible two-colored graphs with vertex set S x [2]}. 
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Gi G2 G3 G4 




Fig. 3. A graph Gv, 'with S — [3] and m = 4. 



Now, given ?n G N, let 

n{S, m):={V = {Gi,..., Gra) ■■ Gt G A(5) for each t G [m]], 

the set of sequences of two-colored admissible graphs on 5 x [2] of length m. 
We shall sometimes think of Gt as a colored graph on S x [It — l,2t], and 
trust that this will cause no confusion. We shall be interested in probability 
distributions on 17(5*, m) in which, with high probability, there are bad edges 
in only very few of the graphs Gt- 

Now, for each V G ri(S', m), let G-p denote the graph with vertex set 
S X [2m], and the following edge set E{G-p) (see, e.g.. Figure 3): 

(a) Gv[Sx{2y-l,2y}]=Gy, 

(b) {(x, 2y), ix',2y + 1)} G EiGv) ^ x = x' , 

(c) {{x,y),ix',y')}^E{Gv) if |y-y'|>2. 

Edges in Gp of types (a) and (b) are labeled good and bad in the obvious 
way, to match the label of the corresponding edge in Gy. Thus, G-p has three 
types of edges: good, bad and unlabeled. 

Such a graph Gp, with S = [3] and m = 4, is pictured below. Note that, 
for example, G3 has two edges: {(1, 1), (2, 1)} and {(3, 1), (3, 2)}, and that 
G4 must contain a bad edge. 

Given G G A(5), let E9{G) denote the set of good edges, and E^G) 
denote the bad edges, so that E{G) = E3{G) U E^{G). If uv is a good edge 
in G, then we shall write v. 

For each 1 < i < j < 2m, we shall write Gp[i,j] for the subgraph of Gp 
induced by the set S x [i, j], and V{Gt) for the vertex set of Gp[2t — l,2t]. 
For each vertex v = (x,y) G V{Gp)., let 

Tp{v) := {u G y{G^yi2\ ) : tt ~ f and u 7^ w}, 

and let dp{v) = \Tp{v)\. We emphasize that dp{v) is the number of good 
edges incident with v. 

We shall use the following simple calculation in the proof below. 
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Lemma 34. Let m,r G N and, for each t G [r], let it,jt G {1)2} and 
k{t) G [m]. Let S be any finite set, and V = (Gi, . . . he a random se- 

quence of admissible two-colored graphs on S x [2], chosen according to some 
(arbitrary) probability distribution fci on Q{S,m). Then 

r 

^ l[Fi{xt,it)r^{xt+i,jt) in Gkit)) <\S\(m3.xEidriv))y . 

Xi,...,Xr + l£o t=l 

Proof. This follows easily from the fact that E((ip(u)) = J2u^i''^ ~ '^)- 
Indeed, pulling constant factors through the summation signs, the left-hand 
side may be rewritten as 

5^ (P((X1, n) ~ (X2, jl)) (n{x2,i2) ~ (X3, j2)) • • • 
2:1,2:2 ^ X3 ^ 

X Y^ii^r,ir) ^ (Xr+ljjr)) 

where |S| is the number of choices for xi. The result now follows by using 
the inequalities 

V f{{xt,it) ~ (xt+ijt) in Gm)) < maxE(cip(u)) 

xt+l ' 

for each t G [r] . □ 

Finally, let X{V) denote the event that there is a connected path across 
G-p (i.e., a path from the set S x {1} to the set S x {2m}). Observe that 
the event X{V) holds for the graph G-p depicted in Figure 3. 

The following lemma is proved, but not stated, by Cerf and Cirillo [12], 
and by Cerf and Manzo [13] . Since it is not immediately obvious how to read 
the result out of their papers, we give a sketch of the proof. 

Lemma 35 (Cerf and Cirillo [12]). For each < a < 1/2 and e > 0, there 
exists 5 > such that the following holds for all mGf^ and all finite sets S 
with a^\S\^ > 1. 

Let V = {Gi,...,Gm) be a random sequence of admissible two-colored 
graphs on S x [2], chosen according to some probability distribution /q on 
Q{S,m). Suppose fn satisfies the following conditions: 

(a) independence: Gi and Gj are independent ifi^j, 

(b) BK condition: for each t G [m], r G N, and each xi,yi, . . . , Xr,yr £ V{Gt), 

^(ki^j ~ vj) A A 7^ ^r) A {E\Gt) = 0) ) 

Vj = l iT^i' / 

r 
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and for each t G [m] and v G V{G-p), 

(c) bad edge condition: ¥{E''{Gt) ^0)<\S\~^ 

(d) good edge condition: E{d-p{v)) < 6. 



Then 



¥{X{V))<a'^\S\. 



Remark 7. In our application S will be the set [n]^, and will correspond 
to the top (or bottom) layer of a copy of C{n,k). The pair uv will be an 
edge of the graph Gt if u,v € G{n,k) are in the same component of [A], 
where A £ Bm{C{n,k),p). Edges will be labeled "good" if both endpoints 
lie in some internally filled component of "small" diameter, that is, less than 
Blogn, where -B > is sufficiently large. 

Condition (b) will be proved using the van den Berg-Kesten Lemma, 
condition (c) using Corollary 14, and condition (d) by Lemma 36, below. 

Proof of Lemma 35. Let {zi,...,zt} C [m] denote the indices for 
which E^{Gz) 7^ 0, and note that this event has probability at most 
where n := |5|. Thus, the probability that t>T:= 31og(l/a)m/(elogn) is 
at most 



So suppose t <T; for each pair zj, zj^i, we shall count "shortest" paths 
between the left- and right-hand sides of Gp[l, 2s] = G-p[2zj + 1, 2{zj+i — 1)]. 

Indeed, let X{2s) denote the event that there is a path across G-p[l,2s], 
and that E^{Gz) = for each z G [s\. We claim that if X{2s) holds, then 
there is a sequence of (distinct) vertices {xi^ii), (yi,ji), . . . , {xr,ir), {Vrijr) G 
S X [1,2s], with r> s, such that: 

• ii = l and jr = 2s, 

• xt+i = yt and 



• {xt,it) ~ (ytjt) for each te[r], 

• (xt,ij) 9^ (xt',it') for each t / t'. 

Indeed, to obtain such a path for which these events occur, simply choose a 
path with r minimal. (Note that we use here that each graph Gt is admis- 
sible.) Let J denote the collection of such sequences, that is, the collection 
of minimal paths across G-p. Summing over all sequences in J', we get 



2"*^-3 log(l/Q)m/ log n 



m+1 




if jt = (mod 2) 
if jt = 1 (mod 2) 



for each t £ [r — 1] 
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A f\ {{xt,it) 7^ ixt',it')) A /\{E\Gt) = 0) ) . 

ty^t' t=l I 

Now, using conditions (a), (b) and (d), and Lemma 34, it follows that 

P(X(2.))<5]p(/\((xt,it)~(2/<,jO) 
J \t=\ 

A [\ iixt,it) ^ {xt>,it')) A K{E\Gt) = 0) ) 

r 

J t=l 

< ^ 4n S| (^^ max^ E((ip (^) )) ' < 2n(4^)^ 

r>s 

assuming 6 is sufficiently small. The term 4^" comes from summing over all 
choices of . ■ . ,ir,jr- 

Now, we simply sum over all choices of the set {zi, . . . , zt}. Recalling that 
t <T = 31og(l/a)m/(elogn) < 3m/4, and writing s{j) = Zj+i — Zj — 1 for 
each j G [0, t] (let zo = and Zf+i = ?n + 1), this gives 

t 

P(X(P)) < 2™ 2n(4J)*(^') < 24'"+Sil+31°g(V")"'/(elogn)5m-t 
j=0 

as required, since we may choose 5 = 5{a,e) as small as we like. □ 



In order to apply Lemma 35, we need to give an upper bound on the 
expected number of good edges incident to any given vertex. The next lemma 
does this. Given a bootstrap structure G on [n]'^ x [k]^, a set ^ C V{G), a 
vertex x S V{G) and a number R> 0, define 

Tg{A, R,x) := {y £ V{G) : there exists an internally filled 
connected component X C y{G) such that 
x,y £ X and diam(X) < R}. 

(This definition is important, and is due to Holroyd [20].) The following 
lemma, together with Corollary 14, allows us to apply Lemma 35. Since 
the proof is the same, and we shall need the result in [7], we prove it in 
C([n]'^ X [kY,2). 
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Lemma 36. Let2<n,d£N andiGNo. There exists a function f {B , k) = 
fd/{B,k) such that, for any B > 0, any A; G No and any sufficiently small 
p>0, the following holds. Let G = C{[nf x [kY,2), A e Bm{V (G) , p) , R = 
B/p^Kd-i)^ andx£V{G). Then 

E(|rG(^,i?,x)|) < /(i?, A:)(log(l/p))=^"+^+V 



Proof. Let A e Bm([n]'^ x [kY,p), let x,y £ [n]"^ x [k]^, and suppose \\x — 
y\\oo = ITT'- For each t G N, let a{m,t) denote the maximal probability (over 
all such choices of x and y) that there exists an internally filled connected 
component X C [n]"^ x [kY such that x,y £ X and m + 1 < t = diam(X) < 
5/pi/(<i-i). We shall bound a{m,t) from above. 

Indeed, suppose such a component X exists, and let t := diam(X), so 
m + l<t< B/p^/^'^-'^\ We claim that 

a(m,t)<t2'^/t2^(2t'^A:^p)r(*+i)/2l. 

This bound follows by considering the smallest cuboid containing X. It has 
diameter t, it contains x, and, since it is the smallest cuboid containing 
an internally filled component, it has no double gaps. There are at most 
f'2dj^2e QTji^oids of diameter t containing x, and the probability each has no 
double gap is at most (If^k^p) r(*+^)/2l . (This follows exactly as in the proof 
of Lemma 27.) 

The above bound works well for small t; for larger t we use the bound 

a{m,t) < dtex.p{—6t) 

for some 6 = 5{B,k) > 0, which follows because t < B/p^/^'^^^\ Indeed, let 
t be as above and choose vertices u,v £ X with \\u — v\\oo + 1 = t. Assume 
t>k, so that, without loss of generality, u and v differ by i — 1 in direction 
1. Then the cuboid with dimensions [t] x [2B /p^/^^~^^Y~^ x [kY, centered 
on X, with u contained in one face and v in the opposite face, has no double 
gap in direction 1. There are dt such cuboids, and so the probability that 
there exists such a cuboid with no double gap is at most 

dt{l - (i-pfB^-^k^/pfl^ < dt{l - 6Y < dteM-St), 

if (5 = 5{B, fc) > is chosen to be sufficiently small, as claimed. 

Now, there are at most (2m + 1)'^+^ vertices at (infinity norm) distance 
exactly m from x, and, hence, 

Ft Ft 

E{\TG{A,R,x)\)<Y.{2m+l)^+' J2 a{m,t), 

m=0 t=m+l 
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where R = B/p^/^'^-'^\ Let M = 5(rf+^) ^°g(Vp) ^ ^j^g f^j-gt bound on a(m,t) 
gives 

M M 

J2 a{m,t)< J2 tV{2tVp)^^'+'y^'^ <M^^+'k^\2M^k'p)^^"'+'y^\ 



t=m+l t=m+l 
SO 



and 



M 

Y,a{0,t)<2M^''+^k^'p, 
t=i 



M 

a{'m,t)<p if m > 1 

t=m+l 



and p is sufficiently small. Thus, 

M M 



^(2m + l)^+^ J2 a{m,t) <M{2M + 1] 

m=l t=m+l 



On the other hand, the second bound gives 

R R R^ 

^(2m + l)'^+^ a{m,t)<R{2R+lY+^ ^ dtexp(-5t) 

m=0 t=M+l t=A/+l 

< R{2R + lY^^dR^e^v{-SM)<p^. 

Hence, 

E(|rG(A, i?, x)|) < 2M^'^+^k^^p + M(2M + + p2 < SM^^+^+^/k^^p 

if p is sufficiently small, as required. □ 

We need to recall one more easy lemma from [12]. 

Lemma 37. Let A C C{[nY x [kf,r). Then for every 1 < L < diam([yl]), 
there exists a connected set X which is internally filled, that is, X <z[Af\X], 
with 

L < diam(X) < 2L. 

Proof. Add newly infected sites one by one, and note that in each step 
the largest diameter of a component in [A\ may jump from at most L — 1 to 
at most 2L — 1. Thus, at some point in the process the required set X must 
appear as a component. □ 

We are now ready to prove Theorem 1. 
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Proof of Theorem 1. The upper bound in Theorem 1 was proved 
in Section 3; the lower bound is an immediate consequence of the following 
statement. Let e > 0, and n € N be sufficiently large. We shall show that if 




A(3,3)-£ \ 
log log n J 



and A£Bm{B{[nf,3),p), then 

P(diam([A]) > logn) < n~^°. 

Indeed, let B and ko be given by Corollary 14, let k> ko,let Ae Bin(i?([n]^, 
3),p), where p is as above, and suppose diam([A]) > logn. Then, by Lemma 37, 
there exists an internally filled, connected set X with 

logn-1 1 

< diam(A j < logn — 1. 

Let u,v £ X be vertices with ||n — f ||oo + 1 = iV := diam(X), and let R 
be an [A^]'^ cube, containing X, and with u and v on opposite faces of R. 
Write {x,y,z) for an arbitrary element of R, where x,y,z € [A^], and let 
u G {{x, y,z) £ X -.x = 1} and v S {(x, y,z) £ X -.x = N}. 

Now, let 171= [N/k\, and partition the cube R into blocks Bi, . . . , Bm, 
each of size [N]'^ x [k]. To be precise, let Bj = {{x,y,z) £ R:x £[{j — l)k + 
l,jk]}. [If N is not divisible by k, then replace v by an element of {{x, y, z) £ 
X:x = km} (the "right-hand face" of B^) and assume that {{x,y,z) £ 
R:x> km} C A.] Observe that, by our choice of u and v, there exists a 
path in [A Ci R] from the set {{x,y,z) £ R:x = 1} to the set {{x,y,z) £ 
R:x = km} . We shall use Lemma 35 to show that this is rather unlikely. 

Indeed, to do so, we use the following coupling. Replace the thresholds in 
each block Bj with those of C([iV]^ x [A;], 2), and allow percolation to occur 
independently in each block. We obtain a set [jj [A n Bj] of infected sites, 
which we shall denote {A}. The following claim shows that this is indeed a 
coupling. 

Claim 1. {A}D[AnR]. 

Proof. The claim follows easily from the observation that each vertex 
of Bj has at most one neighbor in i? \ Bj , and internal vertices of Bj [those 
with X ^ {(j — l)k + 1, jA;}] have no neighbors outside. Indeed, recall that a 
vertex w = {x,y, z) in Bj originally had threshold 3, and now (in the coupled 
system) has threshold 2 + I[x ^ {(j — l)k + l,jk}]. Thus, the threshold of 
no vertex has increased, and the threshold of those vertices which have a 
neighbor in R outside Bj have decreased by one. Thus, {^4} D [^ni?], as 
claimed. □ 
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For each j £ [m], let {A}{j) = {A} n Bj. Now, let S = [iV]^, and for each 
j G [m] , define a two-colored graph Gj on S x [2] by 

xy G E{Gj) if and only if x and y are in the same component of {A}{j), 

where x is the element of {(j — l)k + l,jk} x [N]"^ corresponding to x in the 
natural isomorphism, and 

X ^ y 4^ there exists an internally filled connected component 
X C {A}{j) such that x,y £ X and diam(X) < i?logn, 

where x ~ y means xy is a "good" edge, as before, and B > was chosen 
above. Note that Gj is admissible, since x ~ y and y ~ 2; in Gj implies that 
x and 2; are in the same component of {A}{j), and so either x ~ z, or xz is 
a bad edge. Note also that the event x ~ y is increasing. We claim that the 
(random) sequence of admissible two-colored graphs V := {Gi, . . . ,Gm) G 
fl{S,m) satisfies the conditions of Lemma 35. 
Indeed, recall that < log?i, so 

•A(3,3)- 



P < 



loffAf 



Choose < a < e ^^^'^ ^ let e' = e/3, and choose 6 = 6{a, e') > using Lemma 35. 
By Corollary 14 (and our choice of B and k), for each j G [m] we have 

P(diam({^}(j)) > BlogN) < iV~^ 

and by Lemma 36, applied with d = 2 and i= 1, for any v £ V{Gj), 

E{dv{v)) =E{\rG{A,BlogN,v)\) <6 

if n is chosen to be sufficiently large (and hence p sufficiently small). 

Now, conditions (c) and (d) of Lemma 35 are satisfied (for 5 and e'), by 
the comments above. Condition (a) is satisfied by construction. Condition 
(b) follows because if x ~ y and x' ~ y' , and there are no bad edges, then 
either all four points are in the same internally spanned component with 
diameter at most Blogn, or they are in different components of {A}{j). So, 
if X x', then the events x ~ y and x' ~ y' must occur disjointly, and so we 
can apply the van den Berg-Kesten Lemma. 

Thus, we may apply Lemma 35, and deduce that 

P(X(P))<a™A^2<^-40 

by our choice of a. Summing over all possible rectangles R, we see that 

P(diam([^]) > logn) < n~^°, 
as required. This completes the proof of Theorem 1. □ 



52 



J. BALOGH, B. BOLLOBAS AND R. MORRIS 



Acknowledgments. Work partly done while R. Morris was visiting the 
Instituto Nacional de Matematica Pura e Aplicada, Rio de Janeiro, Brazil. 
The third author would like to thank the Instituto Nacional de Matematica 
Pura e Aplicada, Rio de Janeiro, Brazil, where a large portion of this research 
was carried out. 

REFERENCES 

[1] Adler, J. and Lev, U. (2003). Bootstrap percolation: Visualizations and applica- 
tions. Braz. J. Phys. 33 641-644. 

[2] AlZENMAN, M. and Lebowitz, J. L. (1988). Metastability effects in bootstrap per- 
colation. J. Phys. A 21 3801-3813. MR968311 

[3] Balogh, J. and Bollobas, B. (2006). Bootstrap percolation on the hypercube. 
Probab. Theory Related Fields 134 624-648. MR2214907 

[4] Balogh, J. and Bollobas, B. (2003). Sharp thresholds in bootstrap percolation. 
Phys. A 326 305-312. 

[5] Balogh, J., Bollobas, B. and Morris, R. (2009). Bootstrap percolation on the 
hypercube. Unpublished manuscript. 

[6] Balogh, J., Bollobas, B. and Morris, R. (2009). Majority bootstrap percolation 
on the hypercube. Combin. Probab. Comput. 18 17-51. 

[7] Balogh, J., Bollobas, B., Duminil-Copin, H. and Morris, R. (2009). The 
sharp metastability threshold for r-neighbour bootstrap percolation. Unpub- 
lished manuscript. 

[8] Balogh, J., Peres, Y. and Pete, G. (2006). Bootstrap percolation on infinite trees 

and non-amenable groups. Combin. Probab. Comput. 15 715-730. MR2248323 
[9] Balogh, J. and Pete, G. (1998). Random disease on the square grid. Random 
Structures Algorithms 13 409-422. MR1662792 

[10] Balogh, J. and Pittel, B. G. (2007). Bootstrap percolation on the random regular 
graph. Random Structures Algorithms 30 257-286. MR2283230 

[11] VAN den Berg, J. and Kesten, H. (1985). Inequalities with applications to perco- 
lation and reliability. J. Appl. Probab. 22 556-569. MR799280 

[12] Cere, R. and Cirillo, E. N. M. (1999). Finite size scaling in three-dimensional 
bootstrap percolation. Ann. Probab. 27 1837-1850. MR1742890 

[13] Cere, R. and Manzo, F. (2002). The threshold regime of finite volume bootstrap 
percolation. Stochastic Process. Appl. 101 69-82. MR1921442 

[14] Chalupa, J., Leath, p. L. and Reich, G. R. (1979). Bootstrap percolation on a 
Bethe latice. J. Phys. C 12 L31-L35. 

[15] Pontes, L. R., Schonmann, R. H. and Sidoravicius, V. (2002). Stretched expo- 
nential fixation in stochastic Ising models at zero temperature. Comm. Math. 
Phys. 228 495-518. MR1918786 

[16] FORTUIN, C. M., Kasteleyn, p. W. and Ginibre, ,J. (1971). Correlation inequalities 
on some partially ordered sets. Comm. Math. Phys. 22 89-103. MR0309498 

[17] Friedgut, E. and Kalai, G. (1996). Every monotone graph property has a sharp 
threshold. Proc. Amer. Math. Soc. 124 2993-3002. MR1371123 

[18] Gradshteyn, I. S. and Ryzhik, I. M. (1965). Table of Integrals, Series, and Prod- 
ucts. Academic Press, New York. 

[19] HOLROYD, A. E. (2003). Sharp metastability threshold for two-dimensional bootstrap 
percolation. Probab. Theory Related Fields 125 195-224. MR1961342 

[20] HOLROYD, A. E. (2006). The metastability threshold for modified bootstrap perco- 
lation in d dimensions. Electron. J. Probab. 11 418-433 (electronic). MR2223042 



BOOTSTRAP PERCOLATION IN THREE DIMENSIONS 



53 



[21] Janson, S. (2009). On percolation in random graphs with given vertex degrees. 

Electron. J. Probab. 14 87-118. MR2471661 
[22] Morris, R. (2009). Glauber dynamics in high dimensions. Unpublished manuscript. 
[23] Reimer, D. (2000). Proof of the van den Berg-Kesten conjecture. Combin. Probab. 

Comput. 9 27-32. MR1751301 
[24] SCHONMANN, R. H. (1990). Finite size scaling behavior of a biased majority rule 

cellular automaton. Phys. A 167 619-627. MR1075567 
[25] SCHONMANN, R. H. (1992). On the behavior of some cellular automata related to 

bootstrap percolation. Ann. Probab. 20 174-193. MR1143417 
[26] VAN Enter, A. C. D. (1987). Proof of Straley's argument for bootstrap percolation. 

J. Statist. Phys. 48 943-945. MR914911 
[27] VAN Enter, A. C. D., Adler, J. and Duarte, J. A. M. S. (1990). Finite-size effects 

for some bootstrap percolation models. J. Statist. Phys. 60 323-332. MR1069635 
[28] VON Neumann, J. (1966). Theory of Self-Reproducing Automata. Univ. Illinois Press, 

Urbana. 



,J. Balogh 

Department of Mathematics 
University of Illinois 
1409 W. Green Street 
Urbana, Illinois 61801 
USA 

E-MAIL: jobal@math.uiuc.cdu 



B. Bollobas 
Trinity College 
Cambridge CB2 ITQ 
England 
and 

Department of Mathematical Sciences 
University of Memphis 
Memphis, Tennessee 38152 
USA 

E-MAIL: B.Bollobas@dpmms.cam.ac.uk 



R. Morris 

Murray Edwards College 
University of Cambridge 
Cambridge CBS ODF 
England 

E-mail: rdm30@cam.ac.uk 



